

    
      
          
            
  
abelian


Project overview


Short description

Welcome to the documentation of abelian, a Python library which facilitates
computations on elementary locally compact abelian groups (LCAs). The LCAs are
the groups isomorphic to
\(\mathbb{R}\),
\(T = \mathbb{R}/\mathbb{Z}\),
\(\mathbb{Z}\),
\(\mathbb{Z}_n\)
and direct sums of these.
The library is structured into two packages, the abelian package and the
abelian.linalg sub-package, which is built on the matrix class
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] from the
sympy [http://docs.sympy.org/latest/modules/matrices/immutablematrices.html#module-sympy] library for symbolic mathematics.


Classes and methods


	The LCA class
represents elementary LCAs.



	Fundamental methods: identity LCA, direct sums, equality, isomorphic,
element projection, Pontryagin dual.









	The HomLCA class represents homomorphisms between
LCAs.



	Fundamental methods: identity morphism, zero morphism, equality,
composition, evaluation, stacking, element-wise operations, kernel,
cokernel, image, coimage, dual (adjoint) morphism.









	The LCAFunc class represents functions from LCAs to
complex numbers.



	Fundamental methods: evaluation, composition, shift (translation),
pullback, pushforward, point-wise operators (e.g. addition).











Algorithms for the Smith normal form and Hermite normal form are also
implemented in
smith_normal_form()
and
hermite_normal_form()
respectively.






Project goals


	Represent the groups \(\mathbb{R}\), \(T\),
\(\mathbb{Z}\) and \(\mathbb{Z}_n\) and facilitate computations on
these.


	Handle the relationship between discrete and continuous groups in a
natural way using group homomorphisms.


	DFT computations on discrete, finite groups and their products using the FFT.


	The software should build on the mathematical theory.







Installation


	Download the latest version of Python [https://www.python.org/], e.g. the Anaconda [https://www.continuum.io/downloads] distribution.


	Depending on your operating system, do one of the following:


	If on Windows, open the Anaconda prompt and run
pip install abelian to install abelian
from PyPI [https://pypi.org/project/abelian/].


	If on Linux or Mac, open the terminal and run
pip install abelian to install abelian
from PyPI [https://pypi.org/project/abelian/].






	Open a Python editor (such as Spyder [https://pythonhosted.org/spyder/], which comes with Anaconda [https://www.continuum.io/downloads])
and type from abelian import * to import all classes and functions
from the library. You’re all set, go try some examples
from the tutorials.
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Software specification

Below is an automatically generated software specification.


Public classes







	HomLCA(A[, target, source])

	A homomorphism between elementary LCAs.



	LCA(orders[, discrete])

	An elementary locally compact abelian group (LCA).



	LCAFunc(representation, domain)

	A function from an LCA to a complex number.









Public functions







	hermite_normal_form(A)

	Compute U and H such that A*U = H.



	smith_normal_form(A[, compute_unimod])

	Compute U,S,V such that U*A*V = S.



	solve(A, b[, p])

	Solve eqn Ax = b mod p over Z.



	voronoi(epimorphism[, norm_p])

	Return the Voronoi transversal function.









Public classes (detailed)


LCAFunc


(inherits from: Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable] )










	LCAFunc(representation, domain)

	A function from an LCA to a complex number.



	__call__(list_arg, *args, **kwargs)

	Override function calls, see evaluate().



	__init__(representation, domain)

	Initialize a function G -> C.



	__repr__()

	Override the repr() function.



	copy()

	Return a copy of the instance.



	dft([func_type])

	If the domain allows it, compute DFT.



	evaluate(list_arg, *args, **kwargs)

	Evaluate function on a group element.



	idft([func_type])

	If the domain allows it, compute inv DFT.



	pointwise(other, operator)

	Apply pointwise binary operator.



	pullback(morphism)

	Return the pullback along morphism.



	pushforward(morphism[, terms_in_sum])

	Return the pushforward along morphism.



	sample(list_of_elements, *args, **kwargs)

	Sample on a list of group elements.



	shift(list_shift)

	Shift the function.



	to_latex()

	Return as a \(\LaTeX\) string.



	to_table(*args, **kwargs)

	Return a n-dimensional table.



	transversal(epimorphism[, transversal_rule, …])

	Pushforward using transversal rule.









LCA


(inherits from: Sequence [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Sequence], Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable] )










	LCA(orders[, discrete])

	An elementary locally compact abelian group (LCA).



	__add__(other)

	Override the addition (+) operator, see sum().



	__call__(element)

	Override function calls, see project_element().



	__contains__(other)

	Override the ‘in’ operator, see contained_in().



	__eq__(other)

	Override the equality (==) operator, see equal().



	__getitem__(key)

	Override the slice operator, see slice().



	__init__(orders[, discrete])

	Initialize a new LCA.



	__iter__()

	Override the iteration protocol, see iterate().



	__len__()

	Override the len() function, see length().



	__pow__(power[, modulo])

	Override the pow (**) operator, see compose_self().



	__repr__()

	Override the repr() function.



	canonical()

	Return the LCA in canonical form using SNF.



	compose_self(power)

	Repeated direct summation.



	contained_in(other)

	Whether the LCA is contained in other.



	copy()

	Return a copy of the LCA.



	dual()

	Return the Pontryagin dual of the LCA.



	elements_by_maxnorm([norm_values])

	Yield elements corresponding to max norm value.



	equal(other)

	Whether or not two LCAs are equal.



	getitem(key)

	Return a slice of the LCA.



	is_FGA()

	Whether or not the LCA is a FGA.



	isomorphic(other)

	Whether or not two LCAs are isomorphic.



	iterate()

	Yields the groups in the direct sum one by one.



	length()

	The number of groups in the direct sum.



	project_element(element)

	Project an element onto the group.



	rank()

	Return the rank of the LCA.



	remove_indices(indices)

	Return a LCA with some groups removed.



	remove_trivial()

	Remove trivial groups from the object.



	sum(other)

	Return the direct sum of two LCAs.



	to_latex()

	Return the LCA as a \(\LaTeX\) string.



	trivial()

	Return a trivial LCA.









HomLCA


(inherits from: Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable] )










	HomLCA(A[, target, source])

	A homomorphism between elementary LCAs.



	__add__(other)

	Override the addition (+) operator, see add().



	__call__(source_element)

	Override function calls, see evaluate().



	__eq__(other)

	Override the equality (==) operator, see equal().



	__getitem__(args)

	Override the slice operator, see getitem().



	__init__(A[, target, source])

	Initialize a homomorphism.



	__mul__(other)

	Override the * operator, see compose().



	__pow__(power[, modulo])

	Override the pow (**) operator, see compose_self().



	__radd__(other)

	Override the addition (+) operator, see add().



	__repr__()

	Override the repr() function.



	__rmul__(other)

	Override the * operator, see compose().



	add(other)

	Elementwise addition.



	annihilator()

	Compute the annihilator monomorphism.



	coimage()

	Compute the coimage epimorphism.



	cokernel()

	Compute the cokernel epimorphism.



	compose(other)

	Compose two homomorphisms.



	compose_self(power)

	Repeated composition of an endomorphism.



	copy()

	Return a copy of the homomorphism.



	det()

	Determinant of the matrix representing the HomLCA.



	dual()

	Compute the dual homomorphism.



	equal(other)

	Whether or not two homomorphisms are equal.



	evaluate(source_element)

	Apply the homomorphism to an element.



	getitem(args)

	Return a slice of the homomorphism.



	identity(group)

	Return the identity morphism.



	image()

	Compute the image monomorphism.



	kernel()

	Compute the kernel monomorphism.



	project_to_source()

	Project columns to source group (orders).



	project_to_target()

	Project columns to target group.



	remove_trivial_groups()

	Remove trivial groups.



	stack_diag(other)

	Stack diagonally.



	stack_horiz(other)

	Stack horizontally (column wise).



	stack_vert(other)

	Stack vertically (row wise).



	to_latex()

	Return the homomorphism as a \(\LaTeX\) string.



	update([new_A, new_target, new_source])

	Return a new homomorphism with updated properties.



	zero(target, source)

	Initialize the zero morphism.














          

      

      

    

  

    
      
          
            
  
Tutorials

Here you will find tutorials convering all the main aspects of the abelian
library.



	Tutorial: LCAs
	Initializing a LCA

	Manipulating LCAs

	Checking if an LCA is a FGA

	Dual groups

	Iteration, containment and lengths

	Ranks and lengths of groups

	Canonical forms and isomorphic groups

	Projecting elements to groups





	Tutorial: Homomorphisms
	Initializing a homomorphism

	Compositions

	Slice notation

	Stacking homomorphisms

	Calling homomorphisms

	Calling and composing





	Tutorial: Factoring homomorphisms
	Initialization and source/target projections

	The kernel monomorphism

	The cokernel epimorphism

	The image/coimage factorization





	Tutorial: Functions on LCAs
	Initializing a new function

	Function evaluation

	Shifts

	Pullbacks

	Pushforwards





	Tutorial: Fourier series
	Overview: \(f(x) = x\) defined on \(T = \mathbb{R}/\mathbb{Z}\)

	Defining the function

	Sampling using pullback

	The DFT

	Transversal

	Comparing with analytical solution













          

      

      

    

  

    
      
          
            
  


Tutorial: LCAs

This is an interactive tutorial written with real code. We start by
importing the LCA class and setting up \(\LaTeX\) printing.



In [1]:






from abelian import LCA
from IPython.display import display, Math

def show(arg):
    """This function lets us show LaTeX output."""
    return display(Math(arg.to_latex()))








Initializing a LCA

Initializing a locally compact abelian group (LCA) is simple. Every LCA
can be written as a direct sum of groups isomorphic to one of:
\(\mathbb{Z}_n\), \(\mathbb{Z}\),
\(T = \mathbb{R}/\mathbb{Z}\) or \(\mathbb{R}\). Specifying
these groups, we can initialize LCAs. Groups are specified by:


	Order, where 0 is taken to mean infinite order.


	Whether or not they are discrete (if not, they are continuous).






In [2]:






# Create the group Z_1 + R + Z_3
G = LCA(orders = [1, 0, 3],
        discrete = [True, False, True])

print(G) # Standard printing
show(G) # LaTeX output













[Z_1, R, Z_3]












$$\mathbb{Z}_{1} \oplus \mathbb{R} \oplus \mathbb{Z}_{3}$$




If no discrete parameter is passed, True is assumed and the LCA
initialized will be a finitely generated abelian group (FGA).



In [3]:






# No 'discrete' argument passed,
# so the initializer assumes a discrete group
G = LCA(orders = [5, 11])
show(G)

G.is_FGA() # Check if this group is an FGA













$$\mathbb{Z}_{5} \oplus \mathbb{Z}_{11}$$






Out[3]:






True










Manipulating LCAs

One way to create LCAs is using the direct sum, which “glues” LCAs
together.



In [4]:






# Create two groups
# Notice how the argument names can be omitted
G = LCA([5, 11])
H = LCA([7, 0], [True, True])

# Take the direct sum of G and H
# Two ways: explicitly and using the + operator
direct_sum = G.sum(H)
direct_sum = G + H

show(G)
show(H)
show(direct_sum)













$$\mathbb{Z}_{5} \oplus \mathbb{Z}_{11}$$










$$\mathbb{Z}_{7} \oplus \mathbb{Z}$$










$$\mathbb{Z}_{5} \oplus \mathbb{Z}_{11} \oplus \mathbb{Z}_{7} \oplus \mathbb{Z}$$




Python comes with a powerful slice syntax. This can be used to “split
up” LCAs. LCAs of lower length can be created by slicing, using the
built-in slice notation in Python.



In [5]:






# Return groups 0 to 3 (inclusive, exclusive)
sliced = direct_sum[0:3]
show(sliced)

# Return the last two groups in the LCA
sliced = direct_sum[-2:]
show(sliced)













$$\mathbb{Z}_{5} \oplus \mathbb{Z}_{11} \oplus \mathbb{Z}_{7}$$










$$\mathbb{Z}_{7} \oplus \mathbb{Z}$$




Trivial groups can be removed automatically using remove_trivial.
Recall that the trivial group is \(\mathbb{Z}_1\).



In [6]:






# Create a group with several trivial groups
G = LCA([1, 1, 0, 5, 1, 7])
show(G)

# Remove trivial groups
G_no_trivial = G.remove_trivial()
show(G_no_trivial)













$$\mathbb{Z}_{1} \oplus \mathbb{Z}_{1} \oplus \mathbb{Z} \oplus \mathbb{Z}_{5} \oplus \mathbb{Z}_{1} \oplus \mathbb{Z}_{7}$$










$$\mathbb{Z} \oplus \mathbb{Z}_{5} \oplus \mathbb{Z}_{7}$$







Checking if an LCA is a FGA

Recall that a group \(G\) is an FGA if all the groups in the direct
sum are discrete.



In [7]:






G = LCA([1, 5], discrete = [False, True])
G.is_FGA()









Out[7]:






False







If \(G\) is an FGA, elements can be generated by max-norm by an
efficient algorithm. The algorithm is able to generate approximately
200000 elements per second, but scales exponentially with the free rank
of the group.



In [8]:






Z = LCA([0])
for element in (Z**2).elements_by_maxnorm([0, 1]):
    print(element)













[0, 0]
[1, -1]
[-1, -1]
[1, 0]
[-1, 0]
[1, 1]
[-1, 1]
[0, 1]
[0, -1]








In [9]:






Z_5 = LCA([5])
for element in (Z_5**2).elements_by_maxnorm([0, 1]):
    print(element)













[0, 0]
[1, 4]
[4, 4]
[1, 0]
[4, 0]
[1, 1]
[4, 1]
[0, 1]
[0, 4]









Dual groups

The dual() method returns a group isomorphic to the Pontryagin dual.



In [10]:






show(G)
show(G.dual())













$$T \oplus \mathbb{Z}_{5}$$










$$\mathbb{Z} \oplus \mathbb{Z}_{5}$$







Iteration, containment and lengths

LCAs implement the Python iteration protocol, and they subclass the
abstract base class (ABC) Sequence. A Sequence is a subclass of
Reversible and Collection ABCs. These ABCs force the subclasses
that inherit from them to implement certain behaviors, namely:


	Iteration over the object: this yields the LCAs in the direct sum
one-by-one.


	The G in H statement: this checks whether \(G\) is a
contained in \(H\).


	The len(G) built-in, this check the length of the group.




We now show this behavior with examples.



In [11]:






G = LCA([10, 1, 0, 0], [True, False, True, False])

# Iterate over all subgroups in G
for subgroup in G:
    dual = subgroup.dual()
    print('The dual of', subgroup, 'is', dual)

    # Print if the group is self dual
    if dual == subgroup:
        print('   ->', subgroup, 'is self dual')













The dual of [Z_10] is [Z_10]
   -> [Z_10] is self dual
The dual of [T] is [Z]
The dual of [Z] is [T]
The dual of [R] is [R]
   -> [R] is self dual







Containment

A LCA \(G\) is contained in \(H\) iff there exists an injection
\(\phi: G \to H\) such that every source/target of the mapping are
isomorphic groups.



In [12]:






# Create two groups
G = LCA([1, 3, 5])
H = LCA([3, 5, 1, 8])

# Two ways, explicitly or using the `in` keyword
print(G.contained_in(H))
print(G in H)













True
True






The length can be computed using the length() method, or the
built-in method len. In contrast with rank(), this does not
remove trivial groups.



In [13]:






# The length is available with the len built-in function
# Notice that the length is not the same as the rank,
# since the rank will remove trivial subgroups first
G = LCA([1, 3, 5])
show(G)

print(G.length()) # Explicit
print(len(G)) # Using the built-in len function
print(G.rank())














$$\mathbb{Z}_{1} \oplus \mathbb{Z}_{3} \oplus \mathbb{Z}_{5}$$










3
3
2











Ranks and lengths of groups

The rank can be computed by the rank() method.


	The rank() method removes trivial subgroups.


	The length() method does not remove trivial subgroups.






In [14]:






G = LCA([1, 5, 7, 0])
show(G)
G.rank()













$$\mathbb{Z}_{1} \oplus \mathbb{Z}_{5} \oplus \mathbb{Z}_{7} \oplus \mathbb{Z}$$






Out[14]:






3










Canonical forms and isomorphic groups

FGAs can be put into a canonical form using the Smith normal form (SNF).
Two FGAs are isomorphic iff their canonical form is equal.



In [15]:






G = LCA([1, 3, 3, 5, 8])
show(G)
show(G.canonical())













$$\mathbb{Z}_{1} \oplus \mathbb{Z}_{3} \oplus \mathbb{Z}_{3} \oplus \mathbb{Z}_{5} \oplus \mathbb{Z}_{8}$$










$$\mathbb{Z}_{3} \oplus \mathbb{Z}_{120}$$




The groups \(G = \mathbb{Z}_3 \oplus \mathbb{Z}_4\) and
\(H = \mathbb{Z}_{12}\) are isomorphic because they can be put into
the same canonical form using the SNF.



In [16]:






G = LCA([3, 4, 0])
H = LCA([12, 0])
G.isomorphic(H)









Out[16]:






True







General LCAs are isomorphic if the FGAs are isomorphic and the remaining
groups such as \(\mathbb{R}\) and \(T\) can be obtained with a
permutation. We show this by example.



In [17]:






G = LCA([12, 13, 0], [True, True, False])
H = LCA([12 * 13, 0], [True, False])
show(G)
show(H)
G.isomorphic(H)













$$\mathbb{Z}_{12} \oplus \mathbb{Z}_{13} \oplus \mathbb{R}$$










$$\mathbb{Z}_{156} \oplus \mathbb{R}$$






Out[17]:






True










Projecting elements to groups

It is possible to project elements onto groups.



In [18]:






element = [8, 17, 7]
G = LCA([10, 15, 20])
G(element)









Out[18]:






[8, 2, 7]













          

      

      

    

  

    
      
          
            
  


Tutorial: Homomorphisms

This is an interactive tutorial written with real code. We start by
setting up \(\LaTeX\) printing.



In [1]:






from IPython.display import display, Math

def show(arg):
    return display(Math(arg.to_latex()))








Initializing a homomorphism

Homomorphisms between general LCAs are represented by the HomLCA
class. To define a homomorphism, a matrix representation is needed. In
addition to the matrix, the user can also define a target and
source explicitly.

Some verification of the inputs is performed by the initializer, for
instance a matrix \(A \in \mathbb{Z}^{2 \times 2}\) cannot represent
\(\phi: \mathbb{Z}^m \to \mathbb{Z}^n\) unless both \(m\) and
\(n\) are \(2\). If no target/source is given, the
initializer will assume a free, discrete group, i.e.
\(\mathbb{Z}^m\).



In [2]:






from abelian import LCA, HomLCA

# Initialize the target group for the homomorphism
target = LCA([0, 5], discrete = [False, True])

# Initialize a homomorphism between LCAs
phi = HomLCA([[1, 2], [3, 4]], target = target)
show(phi)

# Initialize a homomorphism with no source/target.
# Source and targets are assumed to be
# of infinite order and discrete (free-to-free)
phi = HomLCA([[1, 2], [3, 4]])
show(phi)













$$\begin{pmatrix}1 & 2\\3 & 4\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \to \mathbb{R} \oplus \mathbb{Z}_{5}$$










$$\begin{pmatrix}1 & 2\\3 & 4\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z} \oplus \mathbb{Z}$$




Homomorphisms between finitely generated abelian groups (FGAs) are also
represented by the HomLCA class.



In [3]:






from abelian import HomLCA
phi = HomLCA([[4, 5], [9, -3]])
show(phi)













$$\begin{pmatrix}4 & 5\\9 & -3\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z} \oplus \mathbb{Z}$$




Roughly speaking, for a HomLCA instance to represent a homomorphism
between FGAs, it must have:


	FGAs as source and target.


	The matrix must contain only integer entries.







Compositions

A fundamental way to combine two functions is to compose them. We create
two homomorphisms and compose them: first \(\psi\), then
\(\phi\). The result is the function \(\phi \circ \psi\).



In [4]:






# Create two HomLCAs
phi = HomLCA([[4, 5], [9, -3]])
psi = HomLCA([[1, 0, 1], [0, 1, 1]])

# The composition of phi, then psi
show(phi * psi)













$$\begin{pmatrix}4 & 5 & 9\\9 & -3 & 6\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z} \oplus \mathbb{Z}$$




If the homomorphism is an endomorphism (same source and target),
repeated composition can be done using exponents.

\(\phi^{n} = \phi \circ \phi \circ \dots \circ \phi, \quad n \geq 1\)



In [5]:






show(phi**3)













$$\begin{pmatrix}289 & 290\\522 & -117\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z} \oplus \mathbb{Z}$$




Numbers and homomorphisms can be added to homomorphisms, in the same way
that numbers and matrices are added to matrices in other software
packages.



In [6]:






show(psi)

# Each element in the matrix is multiplied by 2
show(psi + psi)

# Element-wise addition
show(psi + 10)













$$\begin{pmatrix}1 & 0 & 1\\0 & 1 & 1\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z} \oplus \mathbb{Z}$$










$$\begin{pmatrix}2 & 0 & 2\\0 & 2 & 2\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z} \oplus \mathbb{Z}$$










$$\begin{pmatrix}11 & 10 & 11\\10 & 11 & 11\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z} \oplus \mathbb{Z}$$







Slice notation

Slice notation is available. The first slice works on rows (target
group) and the second slice works on columns (source group). Notice that
in Python, indices start with 0.



In [7]:






A = [[10, 10], [10, 15]]
# Notice how the HomLCA converts a list
# into an LCA, this makes it easier to create HomLCAs
phi = HomLCA(A, target = [20, 20])
phi = phi.project_to_source()

# Slice in different ways
show(phi)
show(phi[0, :]) # First row, all columns
show(phi[:, 0]) # All rows, first column
show(phi[1, 1]) # Second row, second column













$$\begin{pmatrix}10 & 10\\10 & 15\end{pmatrix}:\mathbb{Z}_{2} \oplus \mathbb{Z}_{4} \to \mathbb{Z}_{20} \oplus \mathbb{Z}_{20}$$










$$\begin{pmatrix}10 & 10\end{pmatrix}:\mathbb{Z}_{2} \oplus \mathbb{Z}_{4} \to \mathbb{Z}_{20}$$










$$\begin{pmatrix}10\\10\end{pmatrix}:\mathbb{Z}_{2} \to \mathbb{Z}_{20} \oplus \mathbb{Z}_{20}$$










$$\begin{pmatrix}15\end{pmatrix}:\mathbb{Z}_{4} \to \mathbb{Z}_{20}$$







Stacking homomorphisms

There are three ways to stack morphisms:


	Diagonal stacking


	Horizontal stacking


	Vertical stacking




They are all shown below.


Diagonal stacking



In [8]:






# Create two homomorphisms
phi = HomLCA([2], target = LCA([0], [False]))
psi = HomLCA([2])

# Stack diagonally
show(phi.stack_diag(psi))













$$\begin{pmatrix}2 & 0\\0 & 2\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \to \mathbb{R} \oplus \mathbb{Z}$$







Horizontal stacking



In [9]:






# Create two homomorphisms with the same target
target = LCA([0], [False])
phi = HomLCA([[1, 3]], target = target)
source = LCA([0], [False])
psi = HomLCA([7], target=target, source=source)

# Stack horizontally
show(phi.stack_horiz(psi))













$$\begin{pmatrix}1 & 3 & 7\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \oplus \mathbb{R} \to \mathbb{R}$$







Vertical stacking



In [10]:






# Create two homomorphisms, they have the same source
phi = HomLCA([[1, 2]])
psi = HomLCA([[3, 4]])

# Stack vertically
show(phi.stack_vert(psi))













$$\begin{pmatrix}1 & 2\\3 & 4\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z} \oplus \mathbb{Z}$$









Calling homomorphisms

In Python, a callable is an object which implements a method for
function calls. A homomorphism is a callable object, so we can use
phi(x) to evaluate x, i.e. send x from the source to the
target.

We create a homomorphism.



In [11]:






# Create a homomorphism, specify the target
phi = HomLCA([[2, 0], [0, 4]], [10, 12])
# Find the source group (orders)
phi = phi.project_to_source()
show(phi)













$$\begin{pmatrix}2 & 0\\0 & 4\end{pmatrix}:\mathbb{Z}_{5} \oplus \mathbb{Z}_{3} \to \mathbb{Z}_{10} \oplus \mathbb{Z}_{12}$$




We can now call it. The argument must be in the source group.



In [12]:






# An element in the source, represented as a list
group_element = [1, 1]

# Calling the homomorphism
print(phi(group_element))

# Since [6, 4] = [1, 1] mod [5, 3] (source group)
# the following is equal
print(phi([6, 4]) == phi([1, 1]))













[2, 4]
True









Calling and composing

We finish this tutorial by showing two ways to calculate the same thing:


	\(y = (\phi \circ \psi)(x)\)


	\(y = \phi(\psi(x))\)






In [13]:






# Create two HomLCAs
phi = HomLCA([[4, 5], [9, -3]])
psi = HomLCA([[1, 0, 1], [0, 1, 1]])

x = [1, 1, 1]
# Compose, then call
answer1 = (phi * psi)(x)

# Call, then call again
answer2 = phi(psi(x))

# The result is the same
print(answer1 == answer2)













True












          

      

      

    

  

    
      
          
            
  


Tutorial: Factoring homomorphisms

This is an interactive tutorial written with real code. We start by
importing the LCA class, the HomLCA class and setting up
\(\LaTeX\) printing.



In [1]:






from abelian import LCA, HomLCA
from IPython.display import display, Math

def show(arg):
    return display(Math(arg.to_latex()))








Initialization and source/target projections

We create a HomLCA instance, which may represent a homomorphism
between FGAs. In this tutorial we will only consider homomorphisms
between FGAs.



In [2]:






phi = HomLCA([[5, 10, 15],
              [10, 20, 30],
              [10, 5, 30]],
              target = [50, 20, 30])
show(phi)













$$\begin{pmatrix}5 & 10 & 15\\10 & 20 & 30\\10 & 5 & 30\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30}$$





Projecting to source

The source (or domain) is assumed to be free (infinite order).
Calculating the orders is done with the project_to_source method,
after which the orders of the columns are shown in the source group.



In [3]:






# Project to source, i.e. orders of generator columns
phi = phi.project_to_source()
show(phi)













$$\begin{pmatrix}5 & 10 & 15\\10 & 20 & 30\\10 & 5 & 30\end{pmatrix}:\mathbb{Z}_{30} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{10} \to \mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30}$$







Projecting to target

Projecting the columns onto the target group will make the morphism more
readable. The project_to_target() method will project every column
to the target group.



In [4]:






# Project the generator columns to the target group
phi = phi.project_to_target()
show(phi)













$$\begin{pmatrix}5 & 10 & 15\\10 & 0 & 10\\10 & 5 & 0\end{pmatrix}:\mathbb{Z}_{30} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{10} \to \mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30}$$









The kernel monomorphism

The kernel morphism is a monomorphism such that
\(\phi \circ \operatorname{ker} (\phi) = 0\). The kernel of
\(\phi\) is:



In [5]:






# Calculate the kernel
show(phi.kernel())













$$\begin{pmatrix}25 & 29 & 28\\10 & 2 & 28\\5 & 9 & 2\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z}_{30} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{10}$$




The kernel monomorphism is not projected to source by default, but doing
so is simple.



In [6]:






show(phi.kernel().project_to_source())













$$\begin{pmatrix}25 & 29 & 28\\10 & 2 & 28\\5 & 9 & 2\end{pmatrix}:\mathbb{Z}_{6} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{15} \to \mathbb{Z}_{30} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{10}$$




Verify that \(\phi \circ \operatorname{ker} (\phi) = 0\).



In [7]:






show(phi * phi.kernel())













$$\begin{pmatrix}300 & 300 & 450\\300 & 380 & 300\\300 & 300 & 420\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30}$$




To clearly see that this is the zero morphism, use the
project_to_target() method as such.



In [8]:






zero = phi * phi.kernel()
zero = zero.project_to_target()
show(zero)













$$\begin{pmatrix}0 & 0 & 0\\0 & 0 & 0\\0 & 0 & 0\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30}$$







The cokernel epimorphism

The kernel morphism is an epimorphism such that
\(\operatorname{coker}(\phi) \circ \phi = 0\). The cokernel of
\(\phi\) is:



In [9]:






show(phi.cokernel())













$$\begin{pmatrix}1 & 0 & 0\\0 & 1 & 4\\18 & 17 & 4\end{pmatrix}:\mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30} \to \mathbb{Z}_{5} \oplus \mathbb{Z}_{5} \oplus \mathbb{Z}_{20}$$




We verify the factorization.



In [10]:






show((phi.cokernel() * phi))













$$\begin{pmatrix}5 & 10 & 15\\50 & 20 & 10\\300 & 200 & 440\end{pmatrix}:\mathbb{Z}_{30} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{10} \to \mathbb{Z}_{5} \oplus \mathbb{Z}_{5} \oplus \mathbb{Z}_{20}$$




Again it is not immediately clear that this is the zero morphism. To
verify this, we again use the project_to_target() method as such.



In [11]:






zero = phi.cokernel() * phi
zero = zero.project_to_target()

show(zero)













$$\begin{pmatrix}0 & 0 & 0\\0 & 0 & 0\\0 & 0 & 0\end{pmatrix}:\mathbb{Z}_{30} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{10} \to \mathbb{Z}_{5} \oplus \mathbb{Z}_{5} \oplus \mathbb{Z}_{20}$$







The image/coimage factorization

The image/coimage factorization is
\(\phi = \operatorname{im}(\phi) \circ \operatorname{coim}(\phi)\),
where the image is a monomorphism and the coimage is an epimorphism.


The image monomorphism

Finding the image is easy, just call the image() method.



In [12]:






im = phi.image()
show(im)













$$\begin{pmatrix}0 & 25 & 40\\0 & 10 & 0\\0 & 0 & 25\end{pmatrix}:\mathbb{Z}_{1} \oplus \mathbb{Z}_{2} \oplus \mathbb{Z}_{30} \to \mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30}$$




A trivial group \(\mathbb{Z}_1\) is in the source. It can be removed
using remove_trivial_subgroups().



In [13]:






im = im.remove_trivial_groups()
show(im)













$$\begin{pmatrix}25 & 40\\10 & 0\\0 & 25\end{pmatrix}:\mathbb{Z}_{2} \oplus \mathbb{Z}_{30} \to \mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30}$$







The coimage epimorphism

Finding the coimage is done by calling the coimage() method.



In [14]:






coim = phi.coimage().remove_trivial_groups()
show(coim)













$$\begin{pmatrix}1 & 0 & 1\\22 & 29 & 6\end{pmatrix}:\mathbb{Z}_{30} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{10} \to \mathbb{Z}_{2} \oplus \mathbb{Z}_{30}$$







Verify the image/coimage factorization

We now verify that
\(\phi = \operatorname{im}(\phi) \circ \operatorname{coim}(\phi)\).



In [15]:






show(phi)
show((im * coim).project_to_target())













$$\begin{pmatrix}5 & 10 & 15\\10 & 0 & 10\\10 & 5 & 0\end{pmatrix}:\mathbb{Z}_{30} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{10} \to \mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30}$$










$$\begin{pmatrix}5 & 10 & 15\\10 & 0 & 10\\10 & 5 & 0\end{pmatrix}:\mathbb{Z}_{30} \oplus \mathbb{Z}_{30} \oplus \mathbb{Z}_{10} \to \mathbb{Z}_{50} \oplus \mathbb{Z}_{20} \oplus \mathbb{Z}_{30}$$






In [16]:






(im * coim).project_to_target() == phi









Out[16]:






True















          

      

      

    

  

    
      
          
            
  


Tutorial: Functions on LCAs

This is an interactive tutorial written with real code. We start by
setting up \(\LaTeX\) printing, and importing the classes LCA,
HomLCA and LCAFunc.



In [1]:






# Imports from abelian
from abelian import LCA, HomLCA, LCAFunc

# Other imports
import math
import matplotlib.pyplot as plt
from IPython.display import display, Math

def show(arg):
    return display(Math(arg.to_latex()))








Initializing a new function

There are two ways to create a function \(f: G \to \mathbb{C}\):


	On general LCAs \(G\), the function is represented by an
analytical expression.


	If \(G = \mathbb{Z}_{\mathbf{p}}\) with \(p_i \geq 1\) for
every \(i\) (\(G\) is a direct sum of discrete groups with
finite period), a table of values (multidimensional array) can
also be used.





With an analytical representation

If the representation of the function is given by an analytical
expression, initialization is simple.

Below we define a Gaussian function on \(\mathbb{Z}\), and one on
\(T\).



In [2]:






def gaussian(vector_arg, k = 0.1):
    return math.exp(-sum(i**2 for i in vector_arg)*k)

# Gaussian function on Z
Z = LCA([0])
gauss_on_Z = LCAFunc(gaussian, domain = Z)
print(gauss_on_Z) # Printing
show(gauss_on_Z) # LaTeX output

# Gaussian function on T
T = LCA([1], [False])
gauss_on_T = LCAFunc(gaussian, domain = T)
show(gauss_on_T) # LaTeX output













LCAFunc on domain [Z]












$$\operatorname{function} \in \mathbb{C}^G, \ G = \mathbb{Z}$$










$$\operatorname{function} \in \mathbb{C}^G, \ G = T$$




Notice how the print built-in and the to_latex() method will
show human-readable output.




With a table of values

Functions on \(\mathbb{Z}_\mathbf{p}\) can be defined using a table
of values, if \(p_i \geq 1\) for every \(p_i \in \mathbf{p}\).



In [3]:






# Create a table of values
table_data = [[1,2,3,4,5],
              [2,3,4,5,6],
              [3,4,5,6,7]]

# Create a domain matching the table
domain = LCA([3, 5])

table_func = LCAFunc(table_data, domain)
show(table_func)
print(table_func([1, 1])) # [1, 1] maps to 3













$$\operatorname{function} \in \mathbb{C}^G, \ G = \mathbb{Z}_{3} \oplus \mathbb{Z}_{5}$$










3











Function evaluation

A function \(f \in \mathbb{C}^G\) is callable. To call (i.e.
evaluate) a function, pass a group element.



In [4]:






# An element in Z
element = [0]

# Evaluate the function
gauss_on_Z(element)









Out[4]:






1.0







The sample() method can be used to sample a function on a list of
group elements in the domain.



In [5]:






# Create a list of sample points [-6, ..., 6]
sample_points = [[i] for i in range(-6, 7)]

# Sample the function, returns a list of values
sampled_func = gauss_on_Z.sample(sample_points)

# Plot the result of sampling the function
plt.figure(figsize = (8, 3))
plt.title('Gaussian function on $\mathbb{Z}$')
plt.plot(sample_points, sampled_func, '-o')
plt.grid(True)
plt.show()












[image: ../_images/notebooks_functions_16_0.png]







Shifts

Let \(f: G \to \mathbb{C}\) be a function. The shift operator (or
translation operator) \(S_{h}\) is defined as


\[S_{h}[f(g)] = f(g - h).\]

The shift operator shifts \(f(g)\) by \(h\), where
\(h, g \in G\).

The shift operator is implemented as a method called shift.



In [6]:






# The group element to shift by
shift_by = [3]

# Shift the function
shifted_gauss = gauss_on_Z.shift(shift_by)

# Create sample poits and sample
sample_points = [[i] for i in range(-6, 7)]
sampled1 = gauss_on_Z.sample(sample_points)
sampled2 = shifted_gauss.sample(sample_points)

# Create a plot
plt.figure(figsize = (8, 3))
ttl = 'Gaussians on $\mathbb{Z}$, one is shifted'
plt.title(ttl)
plt.plot(sample_points, sampled1, '-o')
plt.plot(sample_points, sampled2, '-o')
plt.grid(True)
plt.show()












[image: ../_images/notebooks_functions_19_0.png]







Pullbacks

Let \(\phi: G \to H\) be a homomorphism and let
\(f:H \to \mathbb{C}\) be a function. The pullback of \(f\)
along \(\phi\), denoted \(\phi^*(f)\), is defined as


\[\phi^*(f) := f \circ \phi.\]

The pullback “moves” the domain of the function \(f\) to \(G\),
i.e. \(\phi^*(f) : G \to \mathbb{C}\). The pullback is of f is
calculated using the pullback method, as shown below.



In [7]:






def linear(arg):
    return sum(arg)

# The original function
f = LCAFunc(linear, LCA([10]))
show(f)

# A homomorphism phi
phi = HomLCA([2], target = [10])
show(phi)

# The pullback of f along phi
g = f.pullback(phi)
show(g)













$$\operatorname{function} \in \mathbb{C}^G, \ G = \mathbb{Z}_{10}$$










$$\begin{pmatrix}2\end{pmatrix}:\mathbb{Z} \to \mathbb{Z}_{10}$$










$$\operatorname{function} \in \mathbb{C}^G, \ G = \mathbb{Z}$$




We now sample the functions and plot them.



In [8]:






# Sample the functions and plot them
sample_points = [[i] for i in range(-5, 15)]
f_sampled = f.sample(sample_points)
g_sampled = g.sample(sample_points)

# Plot the original function and the pullback
plt.figure(figsize = (8, 3))
plt.title('Linear functions')
label = '$f \in \mathbb{Z}_{10}$'
plt.plot(sample_points, f_sampled, '-o', label = label)
label = '$g \circ \phi \in \mathbb{Z}$'
plt.plot(sample_points, g_sampled, '-o', label = label)
plt.grid(True)
plt.legend(loc = 'best')
plt.show()












[image: ../_images/notebooks_functions_24_0.png]







Pushforwards

Let \(\phi: G \to H\) be a epimorphism and let
\(f:G \to \mathbb{C}\) be a function. The pushforward of \(f\)
along \(\phi\), denoted \(\phi_*(f)\), is defined as


\[(\phi_*(f))(g) := \sum_{k \in \operatorname{ker}\phi} f(k + h), \quad \phi(g) = h\]

The pullback “moves” the domain of the function \(f\) to \(H\),
i.e. \(\phi_*(f) : H \to \mathbb{C}\). First a solution is obtained,
then we sum over the kernel. Since such a sum may contain an infinite
number of terms, we bound it using a norm. Below is an example where we:


	Define a Gaussian \(f(x) = \exp(-kx^2)\) on \(\mathbb{Z}\)


	Use pushforward to “move” it with
\(\phi(g) = g \in \operatorname{Hom}(\mathbb{Z}, \mathbb{Z}_{10})\)






In [9]:






# We create a function on Z and plot it
def gaussian(arg, k = 0.05):
    """
    A gaussian function.
    """
    return math.exp(-sum(i**2 for i in arg)*k)

# Create gaussian on Z, shift it by 5
gauss_on_Z = LCAFunc(gaussian, LCA([0]))
gauss_on_Z = gauss_on_Z.shift([5])

# Sample points and sampled function
s_points = [[i] for i in range(-5, 15)]
f_sampled = gauss_on_Z.sample(s_points)

# Plot it
plt.figure(figsize = (8, 3))
plt.title('A gaussian function on $\mathbb{Z}$')
plt.plot(s_points, f_sampled, '-o')
plt.grid(True)
plt.show()












[image: ../_images/notebooks_functions_27_0.png]






In [10]:






# Use a pushforward to periodize the function
phi = HomLCA([1], target = [10])
show(phi)













$$\begin{pmatrix}1\end{pmatrix}:\mathbb{Z} \to \mathbb{Z}_{10}$$




First we do a pushforward with only one term. Not enough terms are
present in the sum to capture what the pushforward would look like if
the sum went to infinity.



In [11]:






terms = 1

# Pushforward of the function along phi
gauss_on_Z_10 = gauss_on_Z.pushforward(phi, terms)

# Sample the functions and plot them
pushforward_sampled = gauss_on_Z_10.sample(sample_points)

plt.figure(figsize = (8, 3))
label = 'A gaussian function on $\mathbb{Z}$ and \
pushforward to $\mathbb{Z}_{10}$ with few terms in the sum'
plt.title(label)
plt.plot(s_points, f_sampled, '-o', label ='Original')
plt.plot(s_points, pushforward_sampled, '-o', label ='Pushforward')
plt.legend(loc = 'best')
plt.grid(True)
plt.show()












[image: ../_images/notebooks_functions_30_0.png]




Next we do a pushforward with more terms in the sum, this captures what
the pushforward would look like if the sum went to infinity.



In [12]:






terms = 9

gauss_on_Z_10 = gauss_on_Z.pushforward(phi, terms)

# Sample the functions and plot them
pushforward_sampled = gauss_on_Z_10.sample(sample_points)

plt.figure(figsize = (8, 3))
plt.title('A gaussian function on $\mathbb{Z}$ and \
pushforward to $\mathbb{Z}_{10}$ with enough terms')
plt.plot(s_points, f_sampled, '-o', label ='Original')
plt.plot(s_points, pushforward_sampled, '-o', label ='Pushforward')
plt.legend(loc = 'best')
plt.grid(True)
plt.show()












[image: ../_images/notebooks_functions_32_0.png]










          

      

      

    

  

    
      
          
            
  


Tutorial: Fourier series

This is an interactive tutorial written with real code. We start by
setting up \(\LaTeX\) printing and importing some classes.



In [1]:






# Imports related to plotting and LaTeX
import matplotlib.pyplot as plt
%matplotlib inline
from IPython.display import display, Math
from IPython.display import set_matplotlib_formats
set_matplotlib_formats('pdf', 'png')
def show(arg):
    return display(Math(arg.to_latex()))









In [2]:






# Imports related to mathematics
import numpy as np
from abelian import LCA, HomLCA, LCAFunc
from sympy import Rational, pi








Overview: \(f(x) = x\) defined on \(T = \mathbb{R}/\mathbb{Z}\)

In this example we compute the Fourier series coefficients for
\(f(x) = x\) with domain \(T = \mathbb{R}/\mathbb{Z}\).

We will proceed as follows:


	Define a function \(f(x) = x\) on \(T\).


	Sample using pullback along
\(\phi_\text{sample}: \mathbb{Z}_n \to T\). Specifically, we will
use \(\phi(n) = 1/n\) to sample uniformly.


	Compute the DFT of the sampled function using the dft method.


	Use a transversal rule to move the DFT from \(\mathbb{Z}_n\) to
\(\widehat{T} = \mathbb{Z}\).


	Plot the result and compare with the analytical solution, which can
be obtained by computing the complex Fourier coefficients of the
Fourier integral by hand.




We start by defining the function on the domain.




Defining the function



In [3]:






def identity(arg_list):
    return sum(arg_list)

# Create the domain T and a function on it
T = LCA(orders = [1], discrete = [False])
function = LCAFunc(identity, T)
show(function)













$$\operatorname{function} \in \mathbb{C}^G, \ G = T$$




We now create a monomorphism \(\phi_\text{sample}\) to sample the
function, where we make use of the Rational class to avoid numerical
errors.




Sampling using pullback



In [4]:






# Set up the number of sample points
n = 8

# Create the source of the monomorphism
Z_n = LCA([n])
phi_sample = HomLCA([Rational(1, n)],T, Z_n)
show(phi_sample)













$$\begin{pmatrix}\frac{1}{8}\end{pmatrix}:\mathbb{Z}_{8} \to T$$




We sample the function using the pullback.



In [5]:






# Pullback along phi_sample
function_sampled = function.pullback(phi_sample)







Then we compute the DFT (discrete Fourier transform). The DFT is
available on functions defined on \(\mathbb{Z}_\mathbf{p}\) with
\(p_i \geq 1\), i.e. on FGAs with finite orders.




The DFT



In [6]:






# Take the DFT (a multidimensional FFT is used)
function_sampled_dual = function_sampled.dft()










Transversal

We use a transversal rule, along with
\(\widehat{\phi}_\text{sample}\), to push the function to
\(\widehat{T} = \mathbb{Z}\).



In [7]:






# Set up a transversal rule
def transversal_rule(arg_list):
    x = arg_list[0] # First element of vector/list
    if x < n/2:
        return [x]
    else:
        return [x - n]

# Calculate the Fourier series coefficients
phi_d = phi_sample.dual()
rule = transversal_rule
coeffs = function_sampled_dual.transversal(phi_d, rule)
show(coeffs)













$$\operatorname{function} \in \mathbb{C}^G, \ G = \mathbb{Z}$$







Comparing with analytical solution

Let us compare this result with the analytical solution, which is


\[\begin{split}c_k =
  \begin{cases}
   1/2 & \text{if } k = 0 \\
   -1 / 2 \pi i k   & \text{else}.
  \end{cases}\end{split}\]



In [8]:






# Set up a function for the analytical solution
def analytical(k):
    if k == 0:
        return 1/2
    return complex(0, 1)/(2*pi*k)

# Sample the analytical and computed functions
sample_values = list(range(-int(1.5*n), int(1.5*n)+1))
analytical_sampled = list(map(analytical, sample_values))
computed_sampled = coeffs.sample(sample_values)

# Because the forward DFT does not scale, we scale manually
computed_sampled = [k/n for k in computed_sampled]







Finally, we create the plot comparing the computed coefficients with the
ones obtained analytically. Notice how the computed values drop to zero
outside of the transversal region.



In [9]:






# Since we are working with complex numbers
# and we wish to plot them, we convert
# to absolute values first
length = lambda x: float(abs(x))
analytical_abs = list(map(length, analytical_sampled))
computed_abs = list(map(length, computed_sampled))

# Plot it
plt.figure(figsize = (8,3))
plt.title('Absolute value of Fourier coefficients')
plt.plot(sample_values, analytical_abs, label = 'Analytical')
plt.plot(sample_values, computed_abs, label = 'Computed')
plt.grid(True)
plt.legend(loc = 'best')
plt.show()












[image: ../_images/notebooks_fourier_series_23_0.png]










          

      

      

    

  

    
      
          
            
  
API


Library structure

The abelian library consists of two packages, abelian and the
abelian.linalg sub-package.


	abelian - Provides access to high-level mathematical objects: LCAs,
homomorphisms between LCAs and functions from an LCA to the complex numbers.



	abelian.linalg - Lower-level linear algebra routines. Most notably
the Hermite normal form, the Smith normal form, an equation solver for
the equation Ax = b mod p over the integers, as well as functions for
generating elements of a finitely generated abelian group (FGA) ordered
by maximum-norm.














Full API



	 Module Reference
	abelian package





	 API: abelian
	Subpackages

	Submodules

	abelian.functions module

	abelian.groups module

	abelian.morphisms module

	abelian.utils module

	Module contents





	 API: linalg
	Submodules

	abelian.linalg.factorizations module

	abelian.linalg.factorizations_reals module

	abelian.linalg.free_to_free module

	abelian.linalg.solvers module

	abelian.linalg.utils module

	Module contents















          

      

      

    

  

    
      
          
            
  
abelian



	abelian package
	Subpackages
	abelian.linalg package
	Submodules

	abelian.linalg.factorizations module

	abelian.linalg.factorizations_reals module

	abelian.linalg.free_to_free module

	abelian.linalg.solvers module

	abelian.linalg.utils module

	Module contents









	Submodules

	abelian.functions module

	abelian.groups module

	abelian.morphisms module

	abelian.utils module

	Module contents













          

      

      

    

  

    
      
          
            
  
abelian package


Subpackages



	abelian.linalg package
	Submodules

	abelian.linalg.factorizations module

	abelian.linalg.factorizations_reals module

	abelian.linalg.free_to_free module

	abelian.linalg.solvers module

	abelian.linalg.utils module

	Module contents












Submodules




abelian.functions module

This module consists of a class for functions on LCAs,
called LCAFunc. Such a function represents a function
from a LCA G to the complex numbers C.


	
class LCAFunc(representation, domain)

	Bases: collections.abc.Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable]

A function from an LCA to a complex number.


	
__init__(representation, domain)

	Initialize a function G -> C.


	Parameters

	
	representation (function or n-dimensional list of domain allows it) – A function which takes in a list as a first argument, representing
the group element. Alternatively a list of lists if the domain is
discrete and of finite order.


	domain (LCA) – An elementary locally compact abelian group, which is the domain
of the function.








Examples

If a function representation is used, functions on domains are
relatively straightforward.

>>> def power(list_arg, exponent = 2):
...     return sum(x**exponent for x in list_arg)
>>> from abelian import LCAFunc, LCA
>>> # A function on R/Z = T
>>> f = LCAFunc(power, LCA([1], [False]))
>>> f([0.5])
0.25
>>> f([1.5], exponent = 3) == 0.5**3
True
>>> # A function on Z_p
>>> f = LCAFunc(power, LCA([5, 10]))
>>> f([1,1]) == f([6, 11])
True
>>> f([2, 2], exponent = 1)
4





If a table representation is used, the function can be defined on
direct sums of Z_n.

>>> # Define a table: a list of lists
>>> table = [[1, 2],
...          [3, 4],
...          [5, 6]]
>>> f = LCAFunc(table, LCA([3, 2]))
>>> f([1, 1])
4
>>> f([3, 1])
2
>>> import numpy as np
>>> f = LCAFunc(np.array(table), LCA([3, 2]))
>>> f([1, 1])
4










	
copy()

	Return a copy of the instance.


	Returns

	function – A copy of self.



	Return type

	LCAFunc





Examples

>>> from abelian import LCA, LCAFunc
>>> f = LCAFunc(lambda x:sum(x), LCA([0]))
>>> g = f.copy()
>>> f([1]) == g([1])
True










	
dft(func_type=None)

	If the domain allows it, compute DFT.

This method uses the n-dimensional Fast Fourier Transform (FFT) to
compute the n-dimensional Discrete Fourier Transform. The data is
converted to a ndarray [https://docs.scipy.org/doc/numpy/reference/generated/numpy.ndarray.html#numpy.ndarray] object for efficient
numerical computation, then the fftn() [https://docs.scipy.org/doc/numpy/reference/generated/numpy.fft.fftn.html#numpy.fft.fftn] function
is used to compute the fast fourier transform.

This implementation is different from the implementation in
fftn() [https://docs.scipy.org/doc/numpy/reference/generated/numpy.fft.fftn.html#numpy.fft.fftn] by a factor. While the fftn() [https://docs.scipy.org/doc/numpy/reference/generated/numpy.fft.fftn.html#numpy.fft.fftn]
function divides by m*n on the inverse transform, this implementation
does it on the forward transform, and vice verca.


	Parameters

	func_type (str [https://docs.python.org/3.5/library/stdtypes.html#str]) – If None, compute the function values using pure python.
If ‘ogrid’, use a numpy.ogrid (open mesh-grid) to compute the
functino values.
If ‘mgrid’, use a numpy.mgrid (dense mesh-grid) to compute the
function values.



	Returns

	function – The discrete Fourier transformation of the original function.



	Return type

	LCAFunc





Examples

>>> from abelian import LCA, LCAFunc
>>> # Create a simple linear function on Z_5 + Z_4 + Z_3
>>> domain = LCA([5, 4, 3])
>>> def linear(list_arg):
...     return sum(list_arg)
>>> func = LCAFunc(linear, domain)
>>> func([1, 2, 1])
4
>>> # Take the discrete fourier transform and evaluate
>>> func_dft = func.dft()
>>> func_dft([0, 0, 0]) / (5*4*3) # Divide by number of points
(4.5+0j)
>>> # Take the inverse discrete fourier transform
>>> func_dft_idft = func_dft.idft()
>>> # Numerics might not make this equal, but mathematically it is
>>> abs(func_dft_idft([1, 2, 1]) - func([1, 2, 1])) < 10e-10
True










	
evaluate(list_arg, *args, **kwargs)

	Evaluate function on a group element.


	Parameters

	
	list_arg (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The first argument, which must be a list (interpreted as vector).


	*args (tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple]) – An unpacked tuple of arguments.


	**kwargs (dict [https://docs.python.org/3.5/library/stdtypes.html#dict]) – An unpacked dictionary of arguments.






	Returns

	value – A complex number (could be real or integer).



	Return type

	complex [https://docs.python.org/3.5/library/functions.html#complex], float [https://docs.python.org/3.5/library/functions.html#float] or int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from abelian import LCA, LCAFunc
>>> R = LCA([0], [False])
>>> function = LCAFunc(lambda x: 1, domain = R**2)
>>> function([1, 2])
1





Some subtle concepts are shown below.

>>> function(1)
Traceback (most recent call last):
...
ValueError: Argument to function must be list.
>>> function([1])
Traceback (most recent call last):
...
ValueError: LCAFunc argument does not match domain length.
>>> type(function([1, 1])) in (int, float, complex)
True










	
idft(func_type=None)

	If the domain allows it, compute inv DFT.

This is a wrapper around np.fft.ifftn.


	Parameters

	func_type (str [https://docs.python.org/3.5/library/stdtypes.html#str]) – If None, compute the function values using pure python.
If ‘ogrid’, use a numpy.ogrid (open mesh-grid) to compute the
functino values.
If ‘mgrid’, use a numpy.mgrid (dense mesh-grid) to compute the
function values.



	Returns

	function – The inverse discrete Fourier transformation of the original
function.



	Return type

	LCAFunc





Examples

>>> from abelian import LCA, LCAFunc
>>> # Create a simple linear function on Z_5 + Z_4 + Z_3
>>> domain = LCA([5, 4, 3])
>>> def linear(list_arg):
...     x, y, z = list_arg
...     return complex(x + y, z - x)
>>> func = LCAFunc(linear, domain)
>>> func([1, 2, 1])
(3+0j)
>>> func_idft = func.idft()
>>> func_idft([0, 0, 0]) * (5*4*3)
(210-60j)










	
pointwise(other, operator)

	Apply pointwise binary operator.


	Parameters

	
	other (LCAFunc) – Another Functin on the same domain.


	operator (function) – A binary operator.






	Returns

	function – The resulting function, new = operator(self, other).



	Return type

	LCAFunc





Examples

>>> from abelian import LCA
>>> domain = LCA([5])
>>> function1 = LCAFunc(lambda arg: sum(arg), domain)
>>> function2 = LCAFunc(lambda arg: sum(arg)*2, domain)
>>> from operator import add
>>> pointwise_add = function1.pointwise(function2, add)
>>> function1([2]) + function2([2]) == pointwise_add([2])
True
>>> from operator import mul
>>> sample_points = [0, 1, 2, 3, 4]
>>> pointwise_mul = function1.pointwise(function2, mul)
>>> pointwise_mul.sample(sample_points) # i * 2*i = 2*i*i
[0, 2, 8, 18, 32]










	
pullback(morphism)

	Return the pullback along morphism.

The pullback is the composition morphism, then self.
The domain of self must match the target of the morphism.


	Parameters

	morphism (HomLCA) – A homomorphism between LCAs



	Returns

	pullback – The pullback of self along morphism.



	Return type

	LCAFunc





Examples

Using a simple function and homomorphism.

>>> from abelian import HomLCA, LCA
>>> # Create a function on Z
>>> f = LCAFunc(lambda list_arg:list_arg[0]**2, LCA([0]))
>>> # Create a homomorphism from Z to Z
>>> phi = HomLCA([2])
>>> # Pull f back along phi
>>> f_pullback = f.pullback(phi)
>>> f_pullback([4]) == 64 # (2*4)**2 == 64
True





Using a simple function and homomorphism represented as matrix.

>>> from abelian import HomLCA, LCA
>>> def func(list_arg):
...     x, y = tuple(list_arg)
...     return x ** 2 + y ** 2
>>> domain = LCA([5, 3])
>>> f = LCAFunc(func, domain)
>>> phi = HomLCA([1, 1], target=domain)
>>> f_pullback = f.pullback(phi)
>>>
>>> f_pullback([8]) == 13
True










	
pushforward(morphism, terms_in_sum=50)

	Return the pushforward along morphism.

The pushforward is computed by solving an equation, finding the
kernel, and iterating through the kernel. The pushfoward
approximates a possibly infinite sum by terms_in_sum terms.


	Parameters

	
	morphism (HomLCA) – A homomorphism between LCAs.


	terms_in_sum (int [https://docs.python.org/3.5/library/functions.html#int]) – The number of terms in the sum to use, i.e. the number of solutions
to the equation to iterate over.


	norm_condition (function) – If not None, a function can be used to terminate the sum.
The norm_condition must be a function of a group element,
and when the function is false for every v in the kernel
such that maxnorm(v) = C for a given C, then the sum terminates.






	Returns

	pushforward – The pushforward of self along morphism.



	Return type

	LCAFunc





Examples

The first example is a homomorphism R -> T.

>>> from abelian import LCA, LCAFunc, HomLCA
>>> R = LCA([0], [False])
>>> T = LCA([1], [False])
>>> epimorphism = HomLCA([1], source = R, target = T)
>>> func_expr = lambda x: 2**-sum(x_j**2 for x_j in x)
>>> func = LCAFunc(func_expr, domain = R)
>>> func.pushforward(epimorphism, 1)([0]) # 1 term in the sum
1.0
>>> func.pushforward(epimorphism, 3)([0]) # 1 + 0.5*2
2.0
>>> func.pushforward(epimorphism, 5)([0]) # 1 + 0.5*2 + 0.0625*2
2.125





The first example is a homomorphism Z -> Z_2.

>>> from abelian import LCA, LCAFunc, HomLCA
>>> Z = LCA([0], [True])
>>> Z_2 = LCA([2], [True])
>>> epimorphism = HomLCA([1], source = Z, target = Z_2)
>>> func_expr = lambda x: 2**-sum(x_j**2 for x_j in x)
>>> func = LCAFunc(func_expr, domain = Z)
>>> func.pushforward(epimorphism, 1)([0]) # 1 term in the sum
1.0
>>> func.pushforward(epimorphism, 3)([0]) # 1 + 0.5*2 + 0.0625*2
1.125





The third example is a homomorphism R -> R.

>>> from abelian import LCA, LCAFunc, HomLCA
>>> R = LCA([0], [False])
>>> epimorphism = HomLCA([1], source = R, target = R)
>>> func_expr = lambda x: 2**-sum(x_j**2 for x_j in x)
>>> func = LCAFunc(func_expr, domain = R)
>>> func.pushforward(epimorphism, 3)([0]) # 1 term in the sum
1.0










	
sample(list_of_elements, *args, **kwargs)

	Sample on a list of group elements.


	Parameters

	list_of_elements (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of groups elements, where each element is also a list.



	Returns

	sampled_vals – A list of sampled values at the elements.



	Return type

	list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> from abelian import LCAFunc, LCA
>>> func = LCAFunc(lambda x : sum(x), LCA([0, 0]))
>>> sample_points = [[0, 0], [1, 2], [2, 1], [3, 3]]
>>> func.sample(sample_points)
[0, 3, 3, 6]










	
shift(list_shift)

	Shift the function.


	Parameters

	list_shift (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of shifts.



	Returns

	function – A new function which is shifted.



	Return type

	LCAFunc





Examples

>>> from abelian import LCAFunc, LCA
>>> func = LCAFunc(lambda x: sum(x), LCA([0]))
>>> func.sample([0, 1, 2, 3])
[0, 1, 2, 3]
>>> func.shift([2]).sample([0, 1, 2, 3])
[-2, -1, 0, 1]










	
to_latex()

	Return as a \(\LaTeX\) string.


	Returns

	latex_str – The object as a latex string.



	Return type

	str [https://docs.python.org/3.5/library/stdtypes.html#str]










	
to_table(*args, **kwargs)

	Return a n-dimensional table.


	Returns

	table – The table representation.



	Return type

	n-dimensional list





Examples

>>> from abelian import LCA, LCAFunc
>>> domain = LCA([5, 5])
>>> f = LCAFunc(lambda x: sum(x), domain)
>>> table = f.to_table()
>>> table[1][1]
(2+0j)





Using a table from the start.

>>> from abelian import LCA, LCAFunc
>>> import numpy as np
>>> domain = LCA([5, 5])
>>> f = LCAFunc(np.eye(5), domain)
>>> table = f.to_table()
>>> table[1][1]
1.0
>>> type(table)
<class 'numpy.ndarray'>
>>> f = LCAFunc([[1, 2], [2, 4]], LCA([2, 2]))
>>> f.to_table()
[[1, 2], [2, 4]]










	
transversal(epimorphism, transversal_rule=None, default_value=0)

	Pushforward using transversal rule.

If (transversal * epimorphism)(x) = x, then x is pushed forward
using the transversal rule. If not, then the default_value value is
returned.


	Parameters

	
	epimorphism (HomLCA) – An epimorphism.


	transversal_rule (function) – A function with signature func(list_arg, *args, **kwargs).






	Returns

	function – The pushforward of self along the transversal of the epimorphism.



	Return type

	LCAFunc





Examples

>>> from abelian import LCA, LCAFunc, HomLCA
>>> n = 5 # Sice of the domain, Z_n
>>> f_on_Zn = LCAFunc(lambda x: sum(x)**2, LCA([n]))
>>> # To move this function to Z, create an epimorphism and a
>>> # transversal rule
>>> epimorphism = HomLCA([1], source = [0], target = [n])
>>> def transversal_rule(x):
...     if sum(x) < n/2:
...         return [sum(x)]
...     elif sum(x) >= n/2:
...         return [sum(x) - n]
...     else:
...         return None
>>> # Do the pushforward with the transversal rule
>>> f_on_Z = f_on_Zn.transversal(epimorphism, transversal_rule)
>>> f_on_Z.sample(list(range(-n, n+1)))
[0, 0, 0, 9.0, 16.0, 0.0, 1.0, 4.0, 0, 0, 0]














	
voronoi(epimorphism, norm_p=2)

	Return the Voronoi transversal function.

This higher-order function returns a quotient transversal
which maps x to the y which is cloest to the low-frequency
fourier mode.


	Parameters

	
	epimorphism_kernel (HomLCA) – The kernel of the epimorphism that we want to find a section for.


	norm (function or None [https://docs.python.org/3.5/library/constants.html#None]) – A norm function, if None, the max-norm is used.






	Returns

	sigma – A function x -> y.



	Return type

	function





Examples

>>> # An orthogonal example
>>> from abelian import LCAFunc, HomLCA, LCA
>>> Z_10 = LCA([10])
>>> epimorphism = HomLCA([1], target = Z_10)












abelian.groups module

This module consists of a class for elementary locally compact abelian groups,
the LCA class.


	
class LCA(orders, discrete=None)

	Bases: collections.abc.Sequence [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Sequence], collections.abc.Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable]

An elementary locally compact abelian group (LCA).


	
__init__(orders, discrete=None)

	Initialize a new LCA.

This class represents locally compact abelian groups, defined by their
orders and whether or not they are discrete. An order of 0 means
infinite order. The possible groups are:


	\(\mathbb{Z}_n\) : order = n, discrete = True


	\(\mathbb{Z}\) : order = 0, discrete = True


	\(T\) : order = 1, discrete = False


	\(\mathbb{R}\) : order = 0, discrete = False




Every locally compact abelian group is isomorphic to a direct sum
or one or several of the groups above.


	Parameters

	
	orders (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of orders, e.g. [6, 8, 11].


	discrete (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of booleans such as [True, False, …] or alternatively a
list of letters such as [‘d’, ‘c’, …], where ‘d’ stands for
discrete and ‘c’ stands for continuous. If None, it defaults to
discrete.








Examples

>>> # Create G = Z_5 + Z_6 + Z_7 in three ways
>>> G1 = LCA([5, 6, 7])
>>> G2 = LCA([5, 6, 7], [True, True, True])
>>> G3 = LCA([5, 6, 7], ['d']*3)
>>> (G1 == G2 == G3)
True





>>> # Create G = R + Z
>>> G = LCA(orders = [0, 0], discrete = [False, True])





>>> G = LCA([], [])
>>> G
[]










	
canonical()

	Return the LCA in canonical form using SNF.

The canonical form decomposition will:


	Put the torsion (discrete with order >= 1) subgroup in
a canonical form using invariant factor decomposition from
the Smith Normal Form decomposition.


	Sort the non-torsion subgroup.





	Returns

	group – The LCA in canonical form.



	Return type

	LCA





Examples

>>> G = LCA([4, 3])
>>> G.canonical() == LCA([12])
True
>>> G = LCA([1, 1, 8, 2, 4], ['c', 'd', 'd', 'd', 'd'])
>>> G.canonical() == LCA([1], ['c']) + LCA([2, 4, 8])
True










	
compose_self(power)

	Repeated direct summation.


	Returns

	group – A new group.



	Return type

	LCA





Examples

>>> R = LCA([0], [False])
>>> (R + R) == R**2
True
>>> R**0 == LCA.trivial()
True
>>> Z = LCA([0])
>>> (Z + R)**2 == Z + R + Z + R
True










	
contained_in(other)

	Whether the LCA is contained in other.

A LCA G is contained in another LCA H iff there exists an injection
from the elements of G to H such that every source/target of the
mapping is isomorphic. In other words, every group in G must be found
in H, and no two groups in G can be identified with the same isomorphic
group is H.


	Parameters

	other (LCA) – A locally compact abelian group.



	Returns

	is_subgroup – Whether or not self is contained in other.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> # Simple example
>>> G = LCA([2, 2, 3])
>>> H = LCA([2, 2, 3, 3])
>>> G.contained_in(H)
True
>>> # Order does not matter
>>> G = LCA([2, 3, 2])
>>> H = LCA([2, 2, 3, 3])
>>> G.contained_in(H)
True
>>> # Trivial groups are not removed
>>> G = LCA([2, 3, 2, 1])
>>> H = LCA([2, 2, 3, 3])
>>> G in H
False










	
copy()

	Return a copy of the LCA.


	Returns

	group – A copy of the LCA.



	Return type

	LCA





Examples

>>> G = LCA([1, 5, 7], [False, True, True])
>>> H = G.copy()
>>> G == H
True










	
dual()

	Return the Pontryagin dual of the LCA.

Returns a group isomorphic to the Pontryagin dual.


	Returns

	group – The Pontryagin dual of the LCA.



	Return type

	LCA





Examples

>>> G = LCA([5, 1], [True, False])
>>> H = LCA([5, 0], [True, True])
>>> G.dual() == H
True
>>> G.dual().dual() == G
True
>>> self_dual = LCA([5])
>>> self_dual.dual() == self_dual
True










	
elements_by_maxnorm(norm_values=None)

	Yield elements corresponding to max norm value.

If the group is discrete, elements can be generated by maxnorm.


	Parameters

	norm_values (iterable) – An iterable containing integer norm values.



	Yields

	group_element (list) – Group elements with max norm specified by the input iterable.





Examples

>>> G = LCA([0, 0])
>>> for element in G.elements_by_maxnorm([0, 1]):
...     print(element)
[0, 0]
[1, -1]
[-1, -1]
[1, 0]
[-1, 0]
[1, 1]
[-1, 1]
[0, 1]
[0, -1]
>>> G = LCA([5, 8])
>>> for element in G.elements_by_maxnorm([4, 5]):
...     print(element)
[3, 4]
[4, 4]
[0, 4]
[1, 4]
[2, 4]










	
equal(other)

	Whether or not two LCAs are equal.

Two LCAs are equal iff the list of orders and the list of discrete
are both equal.


	Parameters

	other (LCA) – The LCA to compare equality with.



	Returns

	equal – Whether or not the LCAs are equal.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> G = LCA([1, 5, 7], [False, True, True])
>>> H = G.copy()
>>> G == H  # The `==` operator is overloaded
True
>>> G.equal(H)  # Equality using the method
True










	
getitem(key)

	Return a slice of the LCA.


	Parameters

	key (slice) – A slice object, or an integer.



	Returns

	group – A slice of the FGA as specified by the slice object.



	Return type

	LCA





Examples

>>> G = LCA([5, 6, 1])
>>> G[0:2] == LCA([5, 6])
True
>>> G[0] == LCA([5])
True










	
is_FGA()

	Whether or not the LCA is a FGA.

A locally compact abelian group (LCA) is a finitely generated
abelian group (FGA) iff all the groups in the direct sum are discrete.


	Returns

	is_FGA – True if the object is an FGA, False if not.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> G = LCA([5, 1], [True, False])
>>> G.is_FGA()
False
>>> G = LCA([1, 7], [False, True])
>>> G.dual().is_FGA()
True










	
isomorphic(other)

	Whether or not two LCAs are isomorphic.

Two LCAs are isomorphic iff they can be put into the same
canonical form.


	Parameters

	other (LCA) – The LCA to compare with.



	Returns

	isomorphic – Whether or not the LCAs are isomorphic.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> G = LCA([3, 4])
>>> H = LCA([12])
>>> G.isomorphic(H)
True
>>> G.equal(H)
False





>>> LCA([2, 6]).isomorphic(LCA([12]))
False





>>> G = LCA([0, 0, 1, 3, 4], [False, True, True, True, True])
>>> H = LCA([0, 0, 3, 4], [True, False, True, True])
>>> G.isomorphic(H)
True





>>> LCA([]).isomorphic(LCA.trivial())
True










	
iterate()

	Yields the groups in the direct sum one by one.

Iterate through the groups and yield the individual groups in the
direct sum, one by one.


	Yields

	group (LCA) – A single group in the direct sum.





Examples

>>> G = LCA([5, 1], [True, False])
>>> groups = [LCA([5], [True]), LCA([1], [False])]
>>> for i, group in enumerate(G):
...     group == groups[i]
True
True










	
length()

	The number of groups in the direct sum.


	Returns

	length – The number of groups in the direct sum.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> G = LCA([])
>>> G.length()
0





>>> G = LCA([0, 1, 1, 5])
>>> G.length()
4










	
project_element(element)

	Project an element onto the group.


	Parameters

	element (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The group element to project to the LCA.



	Returns

	element – The group element projected to the LCA.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list





Examples

>>> from sympy import Matrix
>>> G = LCA([5, 9])
>>> g = [6, 22]
>>> G.project_element(g)
[1, 4]
>>> g = Matrix([13, 13])
>>> G.project_element(g) == Matrix([3, 4])
True










	
rank()

	Return the rank of the LCA.


	Returns

	rank – An integer greater than or equal to 0.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> G = LCA([5, 6, 1])
>>> G.rank()
2





>>> LCA([1]).rank()
0





>>> G = LCA([5, 6, 1])
>>> H = LCA([1])
>>> G.rank() + H.rank() == (G + H).rank()
True










	
remove_indices(indices)

	Return a LCA with some groups removed.


	Parameters

	indices (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of indices corresponding to LCAs to remove.



	Returns

	group – The LCA with some groups removed.



	Return type

	LCA





Examples

>>> G = LCA([5, 8, 9])
>>> G.remove_indices([0, 2]) == LCA([8])
True










	
remove_trivial()

	Remove trivial groups from the object.


	Returns

	group – The group with trivial groups removed.



	Return type

	LCA





Examples

>>> G = LCA([5, 1, 1])
>>> G.remove_trivial() == LCA([5])
True










	
sum(other)

	Return the direct sum of two LCAs.


	Parameters

	other (LCA) – The LCA to take direct sum with.



	Returns

	group – The direct sum of self and other.



	Return type

	LCA





Examples

>>> G = LCA([5])
>>> H = LCA([7])
>>> G + H == LCA([5, 7])  # The `+` operator is overloaded
True
>>> G + H == G.sum(H)  # Directs sums two ways
True










	
to_latex()

	Return the LCA as a \(\LaTeX\) string.


	Returns

	latex_str – A string with LaTeX code for the object.



	Return type

	str [https://docs.python.org/3.5/library/stdtypes.html#str]





Examples

>>> G = LCA([5, 0], [True, False])
>>> G.to_latex()
'\\mathbb{Z}_{5} \\oplus \\mathbb{R}'










	
classmethod trivial()

	Return a trivial LCA.


	Returns

	group – A trivial LCA.



	Return type

	LCA





Examples

>>> trivial = LCA.trivial()
>>> Z = LCA([0])
>>> (Z + trivial).isomorphic(Z)
True
















abelian.morphisms module

This module consists of classes representing homomorphisms between
elementary LCAs, the HomLCA class.


	
class HomLCA(A, target=None, source=None)

	Bases: collections.abc.Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable]

A homomorphism between elementary LCAs.


	
__init__(A, target=None, source=None)

	Initialize a homomorphism.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – A sympy matrix representing the homomorphism. The user may also
use a list of lists in the form [row1, row2, …] as input.


	target (LCA or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The target of the homomorphism. If None, a discrete target of
infinite order is used as the default.


	source (LCA or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The source of the homomorphism. If None, a discrete source of
infinite order is used as the default.








Examples

>>> # If no source/target is given, a free discrete group is assumed
>>> phi = HomLCA([[1,2],
...               [3,4]])
>>> phi.source.is_FGA() and phi.target.is_FGA()
True





>>> # If no source is given, a free discrete group is assumed
>>> phi = HomLCA([[1,2],
...               [3,4]], target = [5, 5])
>>> phi.source.is_FGA()
True





>>> # The homomorphism must be valid
>>> from abelian import LCA, HomLCA
>>> T = LCA(orders = [1], discrete = [False])
>>> R = LCA(orders = [0], discrete = [False])
>>> phi = HomLCA([1], target = R, source = T)
Traceback (most recent call last):
    ...
ValueError: 1: [T] -> [R] is not homomorphism










	
add(other)

	Elementwise addition.

Elementwise addition of the underlying matrix.


	Parameters

	other (HomLCA or numeric) – A homomorphism to add to the current one, or a number.



	Returns

	homomorphism – A new homomorphism with the argument added.



	Return type

	HomLCA










	
annihilator()

	Compute the annihilator monomorphism.






	
coimage()

	Compute the coimage epimorphism.


	Returns

	homomorphism – The coimage homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[4, 4],
...               [2, 8]], target = [16, 16])
>>> im = phi.image().remove_trivial_groups()
>>> coim = phi.coimage().remove_trivial_groups()
>>> phi == (im * coim).project_to_target()
True










	
cokernel()

	Compute the cokernel epimorphism.


	Returns

	homomorphism – The cokernel homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[1, 0], [0, 1], [1, 1]])
>>> coker = phi.cokernel()
>>> coker.target.isomorphic(LCA([1, 1, 0]))
True










	
compose(other)

	Compose two homomorphisms.

The composition of self and other is first other, then self.


	Parameters

	other (HomLCA) – The homomorphism to compose with.



	Returns

	homomorphism – The composition of self and other, i.e. self ( other (x)).



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[1, 0, 1],
...               [0, 1, 1]])
>>> ker_phi = HomLCA([1, 1, -1])
>>> (phi * ker_phi) == HomLCA([0, 0])
True
>>> phi.compose(ker_phi) == HomLCA([0, 0])
True










	
compose_self(power)

	Repeated composition of an endomorphism.


	Parameters

	power (int [https://docs.python.org/3.5/library/functions.html#int]) – The number of times to compose with self.



	Returns

	homomorphism – The endomorphism composed with itself power times.



	Return type

	HomLCA





Examples

>>> from sympy import diag
>>> phi = HomLCA(diag(2, 3))
>>> phi**3 == HomLCA(diag(2**3, 3**3))
True










	
copy()

	Return a copy of the homomorphism.


	Returns

	homomorphism – A copy of the homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([1, 2, 3])
>>> phi.copy() == phi
True










	
det()

	Determinant of the matrix representing the HomLCA.


	Returns

	determinant – Determinant of the matrix, if possible.



	Return type

	float [https://docs.python.org/3.5/library/functions.html#float]





Examples

>>> from abelian import LCA, HomLCA
>>> phi = HomLCA([[2, 0], [0, 3]])
>>> phi.det()
6
>>> R = LCA([0], [False])
>>> phi = HomLCA([[2.5, 0], [0, 2.5]], R**2, R**2)
>>> phi.det() == 6.25
True
>>> HomLCA([[3, 1]]).det()
Traceback (most recent call last):
...
sympy.matrices.common.NonSquareMatrixError










	
dual()

	Compute the dual homomorphism.

TODO: Write detailed description.


	Returns

	dual – The dual homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([2])
>>> phi_dual = phi.dual()
>>> phi_dual.source == phi_dual.target
True





Computing duals by first calculating orders

>>> # Project, then find dual
>>> phi = HomLCA([2], target = [10])
>>> phi_proj = phi.project_to_source()
>>> phi_project_dual = phi_proj.dual()
>>> phi_project_dual == HomLCA([1], [5], [10])
True
>>> # Do not project
>>> phi_dual = phi.dual()
>>> phi_dual == HomLCA([1/5], LCA([1], [False]), [10])
True










	
equal(other)

	Whether or not two homomorphisms are equal.

Two HomLCAs are equal iff (1) the sources are equal, (2) the targets
are equal and (3) the matrices representing the homomorphisms are
equal.


	Parameters

	other (HomLCA) – A HomLCA to compare equality with.



	Returns

	equal – Whether or not the HomLCAs are equal.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> phi = HomLCA([1], target=[0], source = [0]) # Explicit
>>> psi = HomLCA([1])   # Shorter, defaults to the above
>>> phi == psi
True










	
evaluate(source_element)

	Apply the homomorphism to an element.


	Parameters

	source_element – 





Examples

>>> from sympy import diag
>>> phi = HomLCA(diag(3, 4), target = [5, 6])
>>> phi.evaluate([2, 3])
[1, 0]
>>> phi.evaluate(Matrix([2, 3]))
Matrix([
[1],
[0]])










	
getitem(args)

	Return a slice of the homomorphism.

Slices the object with the common matrix slice notation, e.g. A[rows,
cols], where the rows and cols objects can be either
integers or slice objects. If the homomorphism is represented by a
column or row matrix, then the notation A[key] will also work.
The underlying matrix and the source and target LCAs are all sliced.


	Parameters

	args (slice [https://docs.python.org/3.5/library/functions.html#slice]) – A slice or a tuple with (slice_row, slice_col).



	Returns

	homomorphism – A sliced homomorphism.



	Return type

	HomLCA





Examples

The homomorphism is sliced using two input arguments.

>>> from sympy import diag
>>> phi = HomLCA(diag(4,5,6))
>>> phi[0,:] == HomLCA([[4, 0, 0]])
True
>>> phi[:,1] == HomLCA([0, 5, 0])
True





If the homomorphism is represented by a row or column, one arg will do.

>>> phi = HomLCA([1,2,3])
>>> phi[0:2] == HomLCA([1,2])
True










	
classmethod identity(group)

	Return the identity morphism.

Examples

>>> from abelian import LCA, HomLCA
>>> H = LCA([5, 6, 7])
>>> G = LCA([0, 0])
>>> phi = HomLCA([[1,2], [3,4], [5,6]], source = G, target = H)
>>> Id_H = HomLCA.identity(H)
>>> Id_G = HomLCA.identity(G)
>>> # Verify the properties of the identity morphism
>>> Id_H * phi == phi
True
>>> phi * Id_G == phi
True










	
image()

	Compute the image monomorphism.


	Returns

	homomorphism – The image homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[4, 4],
...               [2, 8]], target = [64, 32])
>>> im = phi.image().remove_trivial_groups()
>>> coim = phi.coimage().remove_trivial_groups()
>>> phi == (im * coim).project_to_target()
True





>>> # Image computations are also allowed when target is R
>>> R = LCA(orders = [0], discrete = [False])
>>> sample_matrix = [[1, 2, 3], [2, 3, 5]]
>>> phi_sample = HomLCA(sample_matrix, target = R + R)
>>> phi_sample_im = phi_sample.image().remove_trivial_groups()
>>> phi_sample_im == phi_sample[:, 1:]
True










	
kernel()

	Compute the kernel monomorphism.


	Returns

	homomorphism – The kernel homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[1, 0, 1], [0, 1, 1]])
>>> phi.kernel() == HomLCA([-1, -1, 1])
True










	
project_to_source()

	Project columns to source group (orders).


	Returns

	homomorphism – A homomorphism with orders in the source FGA.



	Return type

	HomLCA





Examples

>>> target = [3, 6]
>>> phi = HomLCA([[1, 0],
...               [3, 3]], target = target)
>>> phi = phi.project_to_source()
>>> phi.source.orders == [6, 2]
True










	
project_to_target()

	Project columns to target group.


	Returns

	homomorphism – A homomorphism with columns projected to the target FGA.



	Return type

	HomLCA





Examples

>>> target = [7, 12]
>>> phi = HomLCA([[15, 12],
...               [9,  17]], target = target)
>>> phi_proj = HomLCA([[1, 5],
...                    [9, 5]], target = target)
>>> phi.project_to_target() == phi_proj
True










	
remove_trivial_groups()

	Remove trivial groups.

A group is trivial if it is discrete with order 1, i.e. Z_1.
Removing trivial groups from the target group means removing the
Z_1 groups from the target, along with the corresponding rows of
the matrix representing the homomorphism.
Removing trivial groups from the source group means removing the
groups Z_1 from the source, i.e. removing every column (generator)
with order 1.


	Returns

	homomorphism – A homomorphism where the trivial groups have been removed from
the source and the target. The corresponding rows and columns of
the matrix representing the homomorphism are also removed.



	Return type

	HomLCA





Examples

>>> target = [1, 7]
>>> phi = HomLCA([[2, 1], [7, 2]], target=target)
>>> projected = HomLCA([[2]], target=[7], source = [7])
>>> phi.project_to_source().remove_trivial_groups() == projected
True










	
shape

	The shape (rows, cols).


	Returns

	shape – A tuple with the shape of the underlying matrix A, i.e. (rows,
cols).



	Return type

	tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple]










	
stack_diag(other)

	Stack diagonally.


	Parameters

	other (HomLCA) – A homomorphism to stack with the current one.



	Returns

	stacked_vert – The result of stacking the homomorphisms on diagonally.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([1])
>>> psi = HomLCA([2])
>>> phi.stack_diag(psi) == HomLCA([[1, 0], [0, 2]])
True










	
stack_horiz(other)

	Stack horizontally (column wise).

The targets must be the same, the sources will be concatenated.
The stacking is done to create a matrix with structure [self,
other], i.e. “Putting self to the left of other.”


	Parameters

	other (HomLCA) – A homomorphism to stack with the current one.



	Returns

	stacked_vert – The result of stacking the homomorphisms side by side.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([1])
>>> psi = HomLCA([2])
>>> phi.stack_horiz(psi) == HomLCA([[1, 2]])
True










	
stack_vert(other)

	Stack vertically (row wise).

The sources must be the same, the targets will be concatenated.
The stacking is done to create a matrix with structure [[self],
[other]], i.e. “Putting self on top of of other.”


	Parameters

	other (HomLCA) – A homomorphism to stack with the current one.



	Returns

	stacked_vert – The result of stacking the homomorphisms on top of each other.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([1])
>>> psi = HomLCA([2])
>>> phi.stack_vert(psi) == HomLCA([1, 2])
True










	
to_latex()

	Return the homomorphism as a \(\LaTeX\) string.


	Returns

	latex – The HomLCA formatted as a LaTeX string.



	Return type

	str [https://docs.python.org/3.5/library/stdtypes.html#str]





Examples

>>> phi = HomLCA([1])
>>> phi.to_latex()
'\\begin{pmatrix}1\\end{pmatrix}:\\mathbb{Z} \\to \\mathbb{Z}'










	
update(new_A=None, new_target=None, new_source=None)

	Return a new homomorphism with updated properties.






	
classmethod zero(target, source)

	Initialize the zero morphism.


	Parameters

	
	target (LCA or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The target of the homomorphism. If None, a discrete target of
infinite order is used as the default.


	source (LCA or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The source of the homomorphism. If None, a discrete source of
infinite order is used as the default.








Examples

>>> zero = HomLCA.zero([0]*3, [0]*3)
>>> zero([1, 5, 7]) == [0, 0, 0]
True
















abelian.utils module


	
arg(min_or_max, iterable, function_of_element)

	Call a nested list like a function.


	Parameters

	
	list_of_lists (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A nested list of lists.


	arg (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The argument [dim1, dim2, …].






	Returns

	value – The object in the list of lists.



	Return type

	object [https://docs.python.org/3.5/library/functions.html#object]





Examples

>>> iterable = [-8, -4, -2, 3, 5]
>>> arg(min, iterable, abs)
-2
>>> iterable = range(-10, 10)
>>> arg(max, iterable, lambda x: -(x - 3)**2)
3










	
call_nested_list(list_of_lists, arg)

	Call a nested list like a function.


	Parameters

	
	list_of_lists (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A nested list of lists.


	arg (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The argument [dim1, dim2, …].






	Returns

	value – The object in the list of lists.



	Return type

	object [https://docs.python.org/3.5/library/functions.html#object]





Examples

>>> table = [1 ,2 ,3]
>>> call_nested_list(table, [0])
1





>>> table = [[1, 2], [1, 2], [1, 2]]
>>> call_nested_list(table, [0, 0])
1





>>> table = [[[1, 2, 3, 4], [1, 2, 3, 4]],
...          [[1, 2, 3, 4], [1, 2, 3, 4]],
...          [[1, 2, 3, 4], [1, 2, 3, 4]]]
>>> call_nested_list(table, [0, 0])
[1, 2, 3, 4]
>>> call_nested_list(table, [0, 0, 0])
1










	
copy_func(f)

	Based on http://stackoverflow.com/a/6528148/190597 (Glenn Maynard)






	
function_to_table(function, dims, *args, **kwargs)

	
	Parameters

	
	function (function) – A function with signature (list_arg, *args, **kwargs).


	dims (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of dimensions such as [8, 6, 3].













	
mod(a, b)

	Returns a % b, with a % 0 = a.


	Parameters

	
	a (int [https://docs.python.org/3.5/library/functions.html#int]) – The first argument in a % b.


	b (int [https://docs.python.org/3.5/library/functions.html#int]) – The second argument in a % b.






	Returns

	a modulus b.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> mod(5, 2)
1
>>> mod(5, 0)
5










	
verify_dims_list(list_of_lists, dims)

	Verify the dimensions of a list of lists.


	Parameters

	
	list_of_lists (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A nested list of lists.


	dims (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of dimensions.






	Returns

	verified – Whether or not the dimensions match the dims parameter.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> table = [1 ,2 ,3]
>>> dims = [3]
>>> verify_dims_list(table, dims)
True





>>> table = [[1, 2], [1, 2], [1, 2]]
>>> dims = [3, 2]
>>> verify_dims_list(table, dims)
True





>>> table = [[[1, 2, 3, 4], [1, 2, 3, 4]],
...          [[1, 2, 3, 4], [1, 2, 4]],
...          [[1, 2, 3, 4], [1, 2, 3, 4]]]
>>> dims = [3, 2, 4] # Not correct, notice the missing value above
>>> verify_dims_list(table, dims)
False
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abelian.linalg package


Submodules




abelian.linalg.factorizations module

This module contains factorization algorithms for matrices over the
integers. All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
hermite_normal_form(A)

	Compute U and H such that A*U = H.

This algorithm computes the column version of the Hermite normal form, and
returns a tuple of matrices (U, H) such that A*U = H. The matrix U is an
unimodular transformation matrix and H is the result of the transformation,
i.e. H is in Hermite normal form.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The matrix to decompose.



	Returns

	
	U (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – An unimodular matrix, i.e. integer matrix with determinant +/- 1.


	H (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A matrix in Hermite normal form.










Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> U, H = hermite_normal_form(A)
>>> # Verify that U is unimodular (determinant +/- 1)
>>> U.det() in [1, -1]
True
>>> # Verify the decomposition
>>> A*U == H
True










	
smith_normal_form(A, compute_unimod=True)

	Compute U,S,V such that U*A*V = S.

This algorithm computes the Smith normal form of an integer matrix.
If compute_unimod is True, it returns matrices (U, S, V) such
that U*A*V = S, where U and V are unimodular and S is in Smith normal
form. If compute_unimod is False, it returns S and does not compute U
and V.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The matrix to factor.


	compute_unimod (bool [https://docs.python.org/3.5/library/functions.html#bool]) – Whether or not to compute and return unimodular matrices U and V.






	Returns

	
	U (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – An unimodular matrix, i.e. integer matrix with determinant +/- 1.


	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A matrix in Smith normal form.


	V (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – An unimodular matrix, i.e. integer matrix with determinant +/- 1.










Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> U, S, V = smith_normal_form(A)
>>> # Verify that U and V are both unimodular
>>> U.det() in [1, -1] and V.det() in [1, -1]
True
>>> # Verify the factorization
>>> U * A * V == S
True
>>> # Compute without U and V, verify that the result is the same
>>> K = smith_normal_form(A, compute_unimod=False)
>>> K == S
True












abelian.linalg.factorizations_reals module

This module contains functions which calculate mapping properties of
homomorphisms between R^n and R^m using the singular value decomposition (SVD).
All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
numerical_SVD(A)

	Compute U,S,V such that U*S*V = A.

The input is converted to numerical data, the SVD is computed using
the np.linalg.svd routine, which wraps the LAPACK routine _gesdd.
The data is then converted to a sympy matrix and returned.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	
	U (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A (close to) orthogonal sympy matrix.


	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A diagonal sympy matrix matrix.


	V (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A (close to) orthogonal sympy matrix.










Examples

>>> A = Matrix([[1, 2], [3, 4]])
>>> U, S, V = numerical_SVD(A)
>>> # U is orthogonal (up to machine precision or so)
>>> abs(abs(U.det()) - 1) < 10e-10
True
>>> # Verify that the decomposition is close to the original
>>> sum(abs(k) for k in (U*S*V - A))  < 10e-10
True










	
numerical_rank(A)

	Convert to numerical matrix and compute rank.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	r – The rank of A.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> A = Matrix([[1, 2], [3, 4]])
>>> numerical_rank(A)
2
>>> A = Matrix([[0, 0], [0, 10e-10]])
>>> numerical_rank(A)
1










	
real_coimage(A)

	Find the coimage of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the coimage epimorphism (row space of A), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The coimage of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 0],
...             [0, 1, 0]])
>>> im = real_image(A)
>>> coim = real_coimage(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (A - im * coim)) < 10e-15
True










	
real_cokernel(A)

	Find the cokernel of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the cokernel epimorphism (null space of A^T), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The cokernel of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [2, 2]])
>>> coker = real_cokernel(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (coker * A)) < 10e-15
True










	
real_image(A)

	Find the image of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the image monomorphism (column space), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The image of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [1, 1]])
>>> im = real_image(A)
>>> coim = real_coimage(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (A - im * coim)) < 10e-15
True










	
real_kernel(A)

	Find the kernel of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the kernel monomorphism (null space of A), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The kernel of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 1],
...             [0, 1, 1],
...             [2, 2, 4]])
>>> ker = real_kernel(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (A * ker)) < 10e-15
True












abelian.linalg.free_to_free module

This module contains functions which calculate mapping properties of
free-to-free homomorphisms. All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
elements_increasing_norm(free_rank, end_value=None)

	Continually yield every element in Z^r of increasing max-norm.


	Parameters

	free_rank (int [https://docs.python.org/3.5/library/functions.html#int]) – The free rank (like dimension) of Z^r, i.e. free_rank = r.



	Yields

	tuple – Elements in Z^r with increasing maxnorm.





Examples

>>> free_rank = 2 # Like dimension
>>> for count, element in enumerate(elements_increasing_norm(free_rank)):
...     if count >= 9:
...         break
...     print(count, element, max(abs(k) for k in element))
0 (0, 0) 0
1 (1, -1) 1
2 (-1, -1) 1
3 (1, 0) 1
4 (-1, 0) 1
5 (1, 1) 1
6 (-1, 1) 1
7 (0, 1) 1
8 (0, -1) 1










	
elements_of_maxnorm(free_rank, maxnorm_value)

	Yield every element of Z^r such that max_norm(element) = maxnorm_value.


	Parameters

	
	free_rank (int [https://docs.python.org/3.5/library/functions.html#int]) – The free rank (like dimension) of Z^r, i.e. free_rank = r.


	maxnorm_value (int [https://docs.python.org/3.5/library/functions.html#int]) – The value of the maximum norm of the elements generated.






	Yields

	tuple – Elements in Z^r that satisfy the norm criterion.





Examples

>>> free_rank = 3 # Like dimension
>>> maxnorm_value = 4
>>> elements = list(elements_of_maxnorm(free_rank, maxnorm_value))
>>> # Verify that the max norm is the correct value
>>> all(max(abs(k) for k in e) for e in elements)
True
>>> # Verify the number of elements
>>> n = maxnorm_value
>>> len(elements) == ((2*n + 1)**free_rank - (2*n - 1)**free_rank)
True










	
elements_of_maxnorm_FGA(orders, maxnorm_value)

	Yield every element of Z_`orders` such that max_norm(element) = maxnorm_value.


	Parameters

	
	orders (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – Orders in Z_orders, where 0 means infinite order,
i.e. [2, 0] is Z_2 + Z.


	maxnorm_value (int [https://docs.python.org/3.5/library/functions.html#int]) – The value of the maximum norm of the elements generated.






	Yields

	tuple – Elements in Z_orders that satisfy the norm criterion.





Examples

>>> orders = [0, 0]
>>> norm_value = 1
>>> elements = list(elements_of_maxnorm_FGA(orders, norm_value))
>>> len(elements)
8
>>> orders = [0, 3]
>>> norm_value = 2
>>> for element in elements_of_maxnorm_FGA(orders, norm_value):
...     print(element)
(2, 2)
(-2, 2)
(2, 0)
(-2, 0)
(2, 1)
(-2, 1)










	
free_coimage(A)

	Computes the free-to-free coimage epimorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the coimage epimorphism.
The coimage epimorphism has the property that \(A\) factors through
the composition of the coimage and image morphisms, i.e.
\(\operatorname{im}(A) \circ \operatorname{coim}(A) = A\).


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	coim_A – The coimage epimorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [1, 1]])
>>> # Clearly the image is A itself, so coim(A) must be I
>>> free_coimage(A) == Matrix.eye(2)
True
>>> # Verify the image(A) * coimage(A) = A factorization
>>> free_image(A) * free_coimage(A) == A
True










	
free_cokernel(A)

	Computes the free-to-free cokernel epimorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the cokernel epimorphism.
The cokernel epimorphism has the property that
\(\operatorname{coker}(A) \circ A = \mathbf{0}\), where
\(\mathbf{0}\) denotes the zero morphism.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	coker_A – The cokernel epimorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> from abelian.linalg.utils import matrix_mod_vector
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [1, 1]])
>>> coker_A = free_cokernel(A)
>>> quotient = free_quotient(A)
>>> # Compute coker(A) * A and verify that it's 0 in the
>>> # target group of coker(A).
>>> product = matrix_mod_vector(coker_A * A, quotient)
>>> product == 0 * product
True










	
free_image(A)

	Computes the free-to-free image monomorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the image monomorphism.
The image monomorphism has the property that \(A\) factors through
the composition of the coimage and image morphisms, i.e.
\(\operatorname{im}(A) \circ \operatorname{coim}(A) = A\).


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	im_A – The image monomorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 1],
...             [0, 1, 1]])
>>> # Clearly the image is the identity matrix
>>> free_image(A) == Matrix.eye(2)
True
>>> # Verify the image(A) * coimage(A) = A factorization
>>> free_image(A) * free_coimage(A) == A
True










	
free_kernel(A)

	Computes the free-to-free kernel monomorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the kernel monomorphism.
The kernel monomorphism has the property that
\(A \circ \operatorname{ker}(A) = \mathbf{0}\), where \(\mathbf{0}\)
denotes the zero morphism.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	ker_A – The kernel monomorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 1],
...             [0, 1, 1]])
>>> ker_A = free_kernel(A)
>>> # Verify the factorization
>>> A * ker_A == Matrix([0, 0])
True










	
free_quotient(A)

	Compute the quotient group Z^m / im(A).

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the cokernel epimorphism,
which maps from \(A: \mathbb{Z}^n\) to
\(A: \mathbb{Z}^m / \operatorname{im}(A)\).


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	quotient – The structure of the quotient group target(A)/im(A).



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import diag
>>> A = diag(1, 2, 3)
>>> free_quotient(A) == Matrix([1, 1, 6])
True










	
mod(a, b)

	Mod for integers, tuples and lists.


	Parameters

	
	a (int [https://docs.python.org/3.5/library/functions.html#int], tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple] or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The argument.


	b (int [https://docs.python.org/3.5/library/functions.html#int], tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple] or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The order.






	Returns

	A mod b.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int], tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple] or list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> mod(7, 5) # Integer data
2
>>> mod((5, 8), (4, 4)) # Tuple data
(1, 0)
>>> mod([5, 8], [4, 4]) # List data
[1, 0]












abelian.linalg.solvers module

This module contains equation solvers. All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
solve(A, b, p=None)

	Solve eqn Ax = b mod p over Z.

The data (A, b, p) must be integer. The equation Ax = b mod p is solved,
if a solution exists. If A is an epimorphism but not a monomorphism (i.e.
overdetermined), one of the possible solutions is returned. If A is a
monomorphism but not an epimorphism (i.e. underdetermined), a solution
will be returned if one exists. If there is no solution, None is returned.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix of size m x n.


	b (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size m x 1.


	p (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size m x 1. This column matrix represents
the orders of the target group of A. If None, p will be set to the
zero vector, i.e. infinite order in all components.






	Returns

	x – A solution to A*x = b mod p, where x is of size n x 1.
If no solution is found, None is returned.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> from abelian.linalg.utils import vector_mod_vector
>>> A = Matrix([[5, 0, 3],
...             [0, 3, 4]])
>>> x = Matrix([2, -1, 2])
>>> p = Matrix([9, 9])
>>> b = vector_mod_vector(A*x, p)
>>> x_sol = solve(A, b, p)
>>> vector_mod_vector(A*x_sol, p) == b
True










	
solve_epi(A, B, p=None)

	Solve the equation X * mod p * A = B, where A is an epimorphism.

The algorithm will produce a solution if (mod p * A) has a one
sided inverse such that A_inv * A = I, i.e. A is an epimorphism.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix of size m x n.


	B (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size k x n.


	p (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size m x 1. This column matrix represents
the orders of the target group of A. If None, p will be set to the
zero vector, i.e. infinite order.






	Returns

	x – A solution to X * mod p * A = B.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> from abelian.linalg.utils import vector_mod_vector
>>> A = Matrix([[5, 0, 3],
...             [0, 3, 4]])
>>> X = Matrix([[1, 1],
...             [0, 1]])
>>> B = X * A
>>> X_sol = solve_epi(A, B)
>>> X_sol * A == B
True












abelian.linalg.utils module

This module contains a set of utility functions which are used by the
other modules in the linalg package. The functions defined herein
operate on matrices, or are at the very least related to linear algebra
computations.


	
columns_as_list(A)

	Returns the columns of A as a list of lists.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	list_of_cols – A list of lists, where each sub_list is a column,
e.g. structure [[col1], [col2], …].



	Return type

	list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> list_of_cols = columns_as_list(A)
>>> list_of_cols
[[1, 3], [2, 4]]










	
diag_times_mat(diagonal, A)

	Multiply a diagonal and a dense matrix.

Multiplies a column vector diagonal with A, in that order.
This algorithm exploids the diagonal structure
to reduce the number of computations.


	Parameters

	
	diag (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The diagonal of a matrix, represented as a sympy column vector.


	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A dense matrix.






	Returns

	product – The product diag times A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> diagonal = Matrix([2, 3])
>>> diag_times_mat(diagonal, A) == diag(2, 3) * A
True










	
diagonal_rank(S)

	Count the number of non-zero diagonals in S,
where S is in Smith normal form.


	Parameters

	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix in Smith normal form.



	Returns

	num_nonzeros – The number of non-zeros on the diagonal.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from sympy import diag
>>> diagonal_rank(diag(1,2,0,0,0,0))
2
>>> diagonal_rank(diag(1,2,4,8,0,0))
4










	
difference(iterable1, iterable2, p=None)

	Compute the difference with a p-norm.


	Parameters

	
	iterable1 (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The iterable to compute the norm over.


	iterable2 (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The iterable to compute the norm over.


	p (float [https://docs.python.org/3.5/library/functions.html#float]) – The p-value in the p-norm. Should be between 1 and infinity (None).






	Returns

	norm – The computed norm of the difference.



	Return type

	float [https://docs.python.org/3.5/library/functions.html#float]





Examples

>>> 2 + 2
4










	
mat_times_diag(A, diagonal)

	Multiply a dense matrix and a diagonal.

Multiplies A with a column vector diagonal, which is interpreted as
the diagonal of a matrix. This algorithm exploids the diagonal structure
to reduce the number of computations.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A dense matrix.


	diag (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The diagonal of a matrix, represented as a sympy column vector.






	Returns

	product – The product A times diag.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> diagonal = Matrix([2, 3])
>>> mat_times_diag(A, diagonal) == A * diag(2, 3)
True










	
matrix_mod_vector(A, mod_col)

	Returns a copy of A with every column modded by mod_col.


	Parameters

	
	vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix of size m x n.


	mod_col (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column vector, i.e. a sympy matrix of dimension m x 1.






	Returns

	A – A copy of the input with each column modded.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[5, 6],
...             [8, 5],
...             [3, 5]])
>>> mod_col = Matrix([4, 6, 3])
>>> A_modded = matrix_mod_vector(A, mod_col)
>>> A_modded == Matrix([[1, 2],
...                     [2, 5], [0, 2]])
True










	
nonzero_columns(H)

	Counts the number of columns in H not identically zero.


	Parameters

	H (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	nonzero_cols – The number of columns of A not indentically zero.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[0, 2],
...             [0, 4]])
>>> nonzero_columns(A)
1
>>> nonzero_columns(Matrix.eye(5))
5
>>> nonzero_columns(diag(0,1,0,3,5,0))
3










	
nonzero_diag_as_list(S)

	Return a list of the non-zero diagonals entries of S.


	Parameters

	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix, typically in Smith normal form.



	Returns

	nonzero_diags – A list of the non-zero diagonal entries of S.



	Return type

	list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> from sympy import diag
>>> nonzero_diag_as_list(diag(1,2,0,0,0,0))
[1, 2]
>>> nonzero_diag_as_list(diag(1,2,4,8,0,0))
[1, 2, 4, 8]










	
norm(vector, p=2)

	The p-norm of an iterable.


	Parameters

	
	vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The iterable to compute the norm over.


	p (float [https://docs.python.org/3.5/library/functions.html#float]) – The p-value in the p-norm. Should be between 1 and infinity (None).






	Returns

	norm – The computed norm.



	Return type

	float [https://docs.python.org/3.5/library/functions.html#float]





Examples

>>> vector = [1, 2, 3]
>>> norm(vector, 1)
6.0
>>> norm(tuple(vector), None)
3.0
>>> norm(iter(vector), None)
3.0
>>> norm(vector, None)
3.0
>>> norm(vector, 2)
3.7416573867739413
>>> from sympy import Matrix
>>> vector = Matrix(vector)
>>> norm(vector, 1)
6.0
>>> norm(vector, None)
3.0
>>> norm(vector, 2)
3.7416573867739413










	
order_of_vector(v, mod_vector)

	Returns the order of the element v in a FGA like mod_vector.


	Parameters

	
	v (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or a list) – An iterable object with integers. This is the group element.


	mod_vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or a list) – An iterable object with integers. This is the orders of the group.






	Returns

	order – The order of v in mod_vector.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from sympy import Matrix
>>> order_of_vector([1,2,3], [2,4,6]) # Order of 2
2
>>> order_of_vector([1,2,3], [0, 0, 0]) # Order of 0 (infinite order)
0
>>> order_of_vector([1,2,3], [7, 5, 2]) # lcm(7, 10, 2) is 70
70
>>> order_of_vector([0,0,0], [0,0,0]) # Identity element
1
>>> order_of_vector([0,2, 3], [0,0,0]) # Non-trivial element
0
>>> order_of_vector([1, 0, 1], [5, 0, 0])
0










	
reciprocal_entrywise(A)

	Returns the entrywise reciprocal of a matrix or vector.

Will skip zero entries.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix, or vector ( m x 1 matrix).



	Returns

	reciprocal – The entrywise reciprocal of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> D = diag(1, 2, 3)
>>> D_inv = reciprocal_entrywise(D)
>>> D * D_inv == Matrix.eye(3)
True
>>> A = Matrix([[1, 5], [4, 1]])
>>> A_recip = reciprocal_entrywise(A)
>>> A_recip == Matrix([[1, 1/5], [1/4, 1]])
True










	
remove_cols(A, cols_to_remove)

	Return a copy of A where the columns with indices in cols_to_remove
are removed.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.


	cols_to_remove (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of column indices to remove from A.






	Returns

	A – A copy of the input matrix with removed columns.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[5, 6, 7, 8]])
>>> B = remove_cols(A, [0, 2])
>>> B == Matrix([[6, 8]])
True










	
remove_rows(A, rows_to_remove)

	Return a copy of A where the rows with indices in rows_to_remove
are removed.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.


	rows_to_remove (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of row indices to remove from A.






	Returns

	A – A copy of the input matrix with removed rows.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[5, 6, 7, 8]]).T
>>> B = remove_rows(A, [0, 2])
>>> B == Matrix([[6, 8]]).T
True










	
remove_zero_columns(M)

	Return a copy of M where the columns that are identically zero are deleted.


	Parameters

	M (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix with zero or more columns which are identically zero.



	Returns

	M – A copy of the input matrix with all zero columns removed.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[0, 1],
...             [0, 2]])
>>> remove_zero_columns(A) == Matrix([1, 2])
True
>>> A = diag(0,1,2)
>>> A_del = Matrix([[0, 0],
...                 [1, 0],
...                 [0, 2]])
>>> remove_zero_columns(A) == A_del
True










	
vector_mod_vector(vector, mod_vector)

	Return vector % mod_vector, a vectorized mod operation.


	Parameters

	
	vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column vector, i.e. a sympy matrix of dimension m x 1.


	mod_vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column vector, i.e. a sympy matrix of dimension m x 1.






	Returns

	modded_vector – The result of the mod operation on every entry.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> element = Matrix([5, 7, 9])
>>> mod_vect = Matrix([3, 3, 5])
>>> modded = vector_mod_vector(element, mod_vect)
>>> modded == Matrix([2, 1, 4])
True
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abelian.functions module

This module consists of a class for functions on LCAs,
called LCAFunc. Such a function represents a function
from a LCA G to the complex numbers C.


	
class LCAFunc(representation, domain)

	Bases: collections.abc.Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable]

A function from an LCA to a complex number.


	
__init__(representation, domain)

	Initialize a function G -> C.


	Parameters

	
	representation (function or n-dimensional list of domain allows it) – A function which takes in a list as a first argument, representing
the group element. Alternatively a list of lists if the domain is
discrete and of finite order.


	domain (LCA) – An elementary locally compact abelian group, which is the domain
of the function.








Examples

If a function representation is used, functions on domains are
relatively straightforward.

>>> def power(list_arg, exponent = 2):
...     return sum(x**exponent for x in list_arg)
>>> from abelian import LCAFunc, LCA
>>> # A function on R/Z = T
>>> f = LCAFunc(power, LCA([1], [False]))
>>> f([0.5])
0.25
>>> f([1.5], exponent = 3) == 0.5**3
True
>>> # A function on Z_p
>>> f = LCAFunc(power, LCA([5, 10]))
>>> f([1,1]) == f([6, 11])
True
>>> f([2, 2], exponent = 1)
4





If a table representation is used, the function can be defined on
direct sums of Z_n.

>>> # Define a table: a list of lists
>>> table = [[1, 2],
...          [3, 4],
...          [5, 6]]
>>> f = LCAFunc(table, LCA([3, 2]))
>>> f([1, 1])
4
>>> f([3, 1])
2
>>> import numpy as np
>>> f = LCAFunc(np.array(table), LCA([3, 2]))
>>> f([1, 1])
4










	
copy()

	Return a copy of the instance.


	Returns

	function – A copy of self.



	Return type

	LCAFunc





Examples

>>> from abelian import LCA, LCAFunc
>>> f = LCAFunc(lambda x:sum(x), LCA([0]))
>>> g = f.copy()
>>> f([1]) == g([1])
True










	
dft(func_type=None)

	If the domain allows it, compute DFT.

This method uses the n-dimensional Fast Fourier Transform (FFT) to
compute the n-dimensional Discrete Fourier Transform. The data is
converted to a ndarray [https://docs.scipy.org/doc/numpy/reference/generated/numpy.ndarray.html#numpy.ndarray] object for efficient
numerical computation, then the fftn() [https://docs.scipy.org/doc/numpy/reference/generated/numpy.fft.fftn.html#numpy.fft.fftn] function
is used to compute the fast fourier transform.

This implementation is different from the implementation in
fftn() [https://docs.scipy.org/doc/numpy/reference/generated/numpy.fft.fftn.html#numpy.fft.fftn] by a factor. While the fftn() [https://docs.scipy.org/doc/numpy/reference/generated/numpy.fft.fftn.html#numpy.fft.fftn]
function divides by m*n on the inverse transform, this implementation
does it on the forward transform, and vice verca.


	Parameters

	func_type (str [https://docs.python.org/3.5/library/stdtypes.html#str]) – If None, compute the function values using pure python.
If ‘ogrid’, use a numpy.ogrid (open mesh-grid) to compute the
functino values.
If ‘mgrid’, use a numpy.mgrid (dense mesh-grid) to compute the
function values.



	Returns

	function – The discrete Fourier transformation of the original function.



	Return type

	LCAFunc





Examples

>>> from abelian import LCA, LCAFunc
>>> # Create a simple linear function on Z_5 + Z_4 + Z_3
>>> domain = LCA([5, 4, 3])
>>> def linear(list_arg):
...     return sum(list_arg)
>>> func = LCAFunc(linear, domain)
>>> func([1, 2, 1])
4
>>> # Take the discrete fourier transform and evaluate
>>> func_dft = func.dft()
>>> func_dft([0, 0, 0]) / (5*4*3) # Divide by number of points
(4.5+0j)
>>> # Take the inverse discrete fourier transform
>>> func_dft_idft = func_dft.idft()
>>> # Numerics might not make this equal, but mathematically it is
>>> abs(func_dft_idft([1, 2, 1]) - func([1, 2, 1])) < 10e-10
True










	
evaluate(list_arg, *args, **kwargs)

	Evaluate function on a group element.


	Parameters

	
	list_arg (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The first argument, which must be a list (interpreted as vector).


	*args (tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple]) – An unpacked tuple of arguments.


	**kwargs (dict [https://docs.python.org/3.5/library/stdtypes.html#dict]) – An unpacked dictionary of arguments.






	Returns

	value – A complex number (could be real or integer).



	Return type

	complex [https://docs.python.org/3.5/library/functions.html#complex], float [https://docs.python.org/3.5/library/functions.html#float] or int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from abelian import LCA, LCAFunc
>>> R = LCA([0], [False])
>>> function = LCAFunc(lambda x: 1, domain = R**2)
>>> function([1, 2])
1





Some subtle concepts are shown below.

>>> function(1)
Traceback (most recent call last):
...
ValueError: Argument to function must be list.
>>> function([1])
Traceback (most recent call last):
...
ValueError: LCAFunc argument does not match domain length.
>>> type(function([1, 1])) in (int, float, complex)
True










	
idft(func_type=None)

	If the domain allows it, compute inv DFT.

This is a wrapper around np.fft.ifftn.


	Parameters

	func_type (str [https://docs.python.org/3.5/library/stdtypes.html#str]) – If None, compute the function values using pure python.
If ‘ogrid’, use a numpy.ogrid (open mesh-grid) to compute the
functino values.
If ‘mgrid’, use a numpy.mgrid (dense mesh-grid) to compute the
function values.



	Returns

	function – The inverse discrete Fourier transformation of the original
function.



	Return type

	LCAFunc





Examples

>>> from abelian import LCA, LCAFunc
>>> # Create a simple linear function on Z_5 + Z_4 + Z_3
>>> domain = LCA([5, 4, 3])
>>> def linear(list_arg):
...     x, y, z = list_arg
...     return complex(x + y, z - x)
>>> func = LCAFunc(linear, domain)
>>> func([1, 2, 1])
(3+0j)
>>> func_idft = func.idft()
>>> func_idft([0, 0, 0]) * (5*4*3)
(210-60j)










	
pointwise(other, operator)

	Apply pointwise binary operator.


	Parameters

	
	other (LCAFunc) – Another Functin on the same domain.


	operator (function) – A binary operator.






	Returns

	function – The resulting function, new = operator(self, other).



	Return type

	LCAFunc





Examples

>>> from abelian import LCA
>>> domain = LCA([5])
>>> function1 = LCAFunc(lambda arg: sum(arg), domain)
>>> function2 = LCAFunc(lambda arg: sum(arg)*2, domain)
>>> from operator import add
>>> pointwise_add = function1.pointwise(function2, add)
>>> function1([2]) + function2([2]) == pointwise_add([2])
True
>>> from operator import mul
>>> sample_points = [0, 1, 2, 3, 4]
>>> pointwise_mul = function1.pointwise(function2, mul)
>>> pointwise_mul.sample(sample_points) # i * 2*i = 2*i*i
[0, 2, 8, 18, 32]










	
pullback(morphism)

	Return the pullback along morphism.

The pullback is the composition morphism, then self.
The domain of self must match the target of the morphism.


	Parameters

	morphism (HomLCA) – A homomorphism between LCAs



	Returns

	pullback – The pullback of self along morphism.



	Return type

	LCAFunc





Examples

Using a simple function and homomorphism.

>>> from abelian import HomLCA, LCA
>>> # Create a function on Z
>>> f = LCAFunc(lambda list_arg:list_arg[0]**2, LCA([0]))
>>> # Create a homomorphism from Z to Z
>>> phi = HomLCA([2])
>>> # Pull f back along phi
>>> f_pullback = f.pullback(phi)
>>> f_pullback([4]) == 64 # (2*4)**2 == 64
True





Using a simple function and homomorphism represented as matrix.

>>> from abelian import HomLCA, LCA
>>> def func(list_arg):
...     x, y = tuple(list_arg)
...     return x ** 2 + y ** 2
>>> domain = LCA([5, 3])
>>> f = LCAFunc(func, domain)
>>> phi = HomLCA([1, 1], target=domain)
>>> f_pullback = f.pullback(phi)
>>>
>>> f_pullback([8]) == 13
True










	
pushforward(morphism, terms_in_sum=50)

	Return the pushforward along morphism.

The pushforward is computed by solving an equation, finding the
kernel, and iterating through the kernel. The pushfoward
approximates a possibly infinite sum by terms_in_sum terms.


	Parameters

	
	morphism (HomLCA) – A homomorphism between LCAs.


	terms_in_sum (int [https://docs.python.org/3.5/library/functions.html#int]) – The number of terms in the sum to use, i.e. the number of solutions
to the equation to iterate over.


	norm_condition (function) – If not None, a function can be used to terminate the sum.
The norm_condition must be a function of a group element,
and when the function is false for every v in the kernel
such that maxnorm(v) = C for a given C, then the sum terminates.






	Returns

	pushforward – The pushforward of self along morphism.



	Return type

	LCAFunc





Examples

The first example is a homomorphism R -> T.

>>> from abelian import LCA, LCAFunc, HomLCA
>>> R = LCA([0], [False])
>>> T = LCA([1], [False])
>>> epimorphism = HomLCA([1], source = R, target = T)
>>> func_expr = lambda x: 2**-sum(x_j**2 for x_j in x)
>>> func = LCAFunc(func_expr, domain = R)
>>> func.pushforward(epimorphism, 1)([0]) # 1 term in the sum
1.0
>>> func.pushforward(epimorphism, 3)([0]) # 1 + 0.5*2
2.0
>>> func.pushforward(epimorphism, 5)([0]) # 1 + 0.5*2 + 0.0625*2
2.125





The first example is a homomorphism Z -> Z_2.

>>> from abelian import LCA, LCAFunc, HomLCA
>>> Z = LCA([0], [True])
>>> Z_2 = LCA([2], [True])
>>> epimorphism = HomLCA([1], source = Z, target = Z_2)
>>> func_expr = lambda x: 2**-sum(x_j**2 for x_j in x)
>>> func = LCAFunc(func_expr, domain = Z)
>>> func.pushforward(epimorphism, 1)([0]) # 1 term in the sum
1.0
>>> func.pushforward(epimorphism, 3)([0]) # 1 + 0.5*2 + 0.0625*2
1.125





The third example is a homomorphism R -> R.

>>> from abelian import LCA, LCAFunc, HomLCA
>>> R = LCA([0], [False])
>>> epimorphism = HomLCA([1], source = R, target = R)
>>> func_expr = lambda x: 2**-sum(x_j**2 for x_j in x)
>>> func = LCAFunc(func_expr, domain = R)
>>> func.pushforward(epimorphism, 3)([0]) # 1 term in the sum
1.0










	
sample(list_of_elements, *args, **kwargs)

	Sample on a list of group elements.


	Parameters

	list_of_elements (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of groups elements, where each element is also a list.



	Returns

	sampled_vals – A list of sampled values at the elements.



	Return type

	list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> from abelian import LCAFunc, LCA
>>> func = LCAFunc(lambda x : sum(x), LCA([0, 0]))
>>> sample_points = [[0, 0], [1, 2], [2, 1], [3, 3]]
>>> func.sample(sample_points)
[0, 3, 3, 6]










	
shift(list_shift)

	Shift the function.


	Parameters

	list_shift (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of shifts.



	Returns

	function – A new function which is shifted.



	Return type

	LCAFunc





Examples

>>> from abelian import LCAFunc, LCA
>>> func = LCAFunc(lambda x: sum(x), LCA([0]))
>>> func.sample([0, 1, 2, 3])
[0, 1, 2, 3]
>>> func.shift([2]).sample([0, 1, 2, 3])
[-2, -1, 0, 1]










	
to_latex()

	Return as a \(\LaTeX\) string.


	Returns

	latex_str – The object as a latex string.



	Return type

	str [https://docs.python.org/3.5/library/stdtypes.html#str]










	
to_table(*args, **kwargs)

	Return a n-dimensional table.


	Returns

	table – The table representation.



	Return type

	n-dimensional list





Examples

>>> from abelian import LCA, LCAFunc
>>> domain = LCA([5, 5])
>>> f = LCAFunc(lambda x: sum(x), domain)
>>> table = f.to_table()
>>> table[1][1]
(2+0j)





Using a table from the start.

>>> from abelian import LCA, LCAFunc
>>> import numpy as np
>>> domain = LCA([5, 5])
>>> f = LCAFunc(np.eye(5), domain)
>>> table = f.to_table()
>>> table[1][1]
1.0
>>> type(table)
<class 'numpy.ndarray'>
>>> f = LCAFunc([[1, 2], [2, 4]], LCA([2, 2]))
>>> f.to_table()
[[1, 2], [2, 4]]










	
transversal(epimorphism, transversal_rule=None, default_value=0)

	Pushforward using transversal rule.

If (transversal * epimorphism)(x) = x, then x is pushed forward
using the transversal rule. If not, then the default_value value is
returned.


	Parameters

	
	epimorphism (HomLCA) – An epimorphism.


	transversal_rule (function) – A function with signature func(list_arg, *args, **kwargs).






	Returns

	function – The pushforward of self along the transversal of the epimorphism.



	Return type

	LCAFunc





Examples

>>> from abelian import LCA, LCAFunc, HomLCA
>>> n = 5 # Sice of the domain, Z_n
>>> f_on_Zn = LCAFunc(lambda x: sum(x)**2, LCA([n]))
>>> # To move this function to Z, create an epimorphism and a
>>> # transversal rule
>>> epimorphism = HomLCA([1], source = [0], target = [n])
>>> def transversal_rule(x):
...     if sum(x) < n/2:
...         return [sum(x)]
...     elif sum(x) >= n/2:
...         return [sum(x) - n]
...     else:
...         return None
>>> # Do the pushforward with the transversal rule
>>> f_on_Z = f_on_Zn.transversal(epimorphism, transversal_rule)
>>> f_on_Z.sample(list(range(-n, n+1)))
[0, 0, 0, 9.0, 16.0, 0.0, 1.0, 4.0, 0, 0, 0]














	
voronoi(epimorphism, norm_p=2)

	Return the Voronoi transversal function.

This higher-order function returns a quotient transversal
which maps x to the y which is cloest to the low-frequency
fourier mode.


	Parameters

	
	epimorphism_kernel (HomLCA) – The kernel of the epimorphism that we want to find a section for.


	norm (function or None [https://docs.python.org/3.5/library/constants.html#None]) – A norm function, if None, the max-norm is used.






	Returns

	sigma – A function x -> y.



	Return type

	function





Examples

>>> # An orthogonal example
>>> from abelian import LCAFunc, HomLCA, LCA
>>> Z_10 = LCA([10])
>>> epimorphism = HomLCA([1], target = Z_10)












abelian.groups module

This module consists of a class for elementary locally compact abelian groups,
the LCA class.


	
class LCA(orders, discrete=None)

	Bases: collections.abc.Sequence [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Sequence], collections.abc.Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable]

An elementary locally compact abelian group (LCA).


	
__init__(orders, discrete=None)

	Initialize a new LCA.

This class represents locally compact abelian groups, defined by their
orders and whether or not they are discrete. An order of 0 means
infinite order. The possible groups are:


	\(\mathbb{Z}_n\) : order = n, discrete = True


	\(\mathbb{Z}\) : order = 0, discrete = True


	\(T\) : order = 1, discrete = False


	\(\mathbb{R}\) : order = 0, discrete = False




Every locally compact abelian group is isomorphic to a direct sum
or one or several of the groups above.


	Parameters

	
	orders (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of orders, e.g. [6, 8, 11].


	discrete (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of booleans such as [True, False, …] or alternatively a
list of letters such as [‘d’, ‘c’, …], where ‘d’ stands for
discrete and ‘c’ stands for continuous. If None, it defaults to
discrete.








Examples

>>> # Create G = Z_5 + Z_6 + Z_7 in three ways
>>> G1 = LCA([5, 6, 7])
>>> G2 = LCA([5, 6, 7], [True, True, True])
>>> G3 = LCA([5, 6, 7], ['d']*3)
>>> (G1 == G2 == G3)
True





>>> # Create G = R + Z
>>> G = LCA(orders = [0, 0], discrete = [False, True])





>>> G = LCA([], [])
>>> G
[]










	
canonical()

	Return the LCA in canonical form using SNF.

The canonical form decomposition will:


	Put the torsion (discrete with order >= 1) subgroup in
a canonical form using invariant factor decomposition from
the Smith Normal Form decomposition.


	Sort the non-torsion subgroup.





	Returns

	group – The LCA in canonical form.



	Return type

	LCA





Examples

>>> G = LCA([4, 3])
>>> G.canonical() == LCA([12])
True
>>> G = LCA([1, 1, 8, 2, 4], ['c', 'd', 'd', 'd', 'd'])
>>> G.canonical() == LCA([1], ['c']) + LCA([2, 4, 8])
True










	
compose_self(power)

	Repeated direct summation.


	Returns

	group – A new group.



	Return type

	LCA





Examples

>>> R = LCA([0], [False])
>>> (R + R) == R**2
True
>>> R**0 == LCA.trivial()
True
>>> Z = LCA([0])
>>> (Z + R)**2 == Z + R + Z + R
True










	
contained_in(other)

	Whether the LCA is contained in other.

A LCA G is contained in another LCA H iff there exists an injection
from the elements of G to H such that every source/target of the
mapping is isomorphic. In other words, every group in G must be found
in H, and no two groups in G can be identified with the same isomorphic
group is H.


	Parameters

	other (LCA) – A locally compact abelian group.



	Returns

	is_subgroup – Whether or not self is contained in other.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> # Simple example
>>> G = LCA([2, 2, 3])
>>> H = LCA([2, 2, 3, 3])
>>> G.contained_in(H)
True
>>> # Order does not matter
>>> G = LCA([2, 3, 2])
>>> H = LCA([2, 2, 3, 3])
>>> G.contained_in(H)
True
>>> # Trivial groups are not removed
>>> G = LCA([2, 3, 2, 1])
>>> H = LCA([2, 2, 3, 3])
>>> G in H
False










	
copy()

	Return a copy of the LCA.


	Returns

	group – A copy of the LCA.



	Return type

	LCA





Examples

>>> G = LCA([1, 5, 7], [False, True, True])
>>> H = G.copy()
>>> G == H
True










	
dual()

	Return the Pontryagin dual of the LCA.

Returns a group isomorphic to the Pontryagin dual.


	Returns

	group – The Pontryagin dual of the LCA.



	Return type

	LCA





Examples

>>> G = LCA([5, 1], [True, False])
>>> H = LCA([5, 0], [True, True])
>>> G.dual() == H
True
>>> G.dual().dual() == G
True
>>> self_dual = LCA([5])
>>> self_dual.dual() == self_dual
True










	
elements_by_maxnorm(norm_values=None)

	Yield elements corresponding to max norm value.

If the group is discrete, elements can be generated by maxnorm.


	Parameters

	norm_values (iterable) – An iterable containing integer norm values.



	Yields

	group_element (list) – Group elements with max norm specified by the input iterable.





Examples

>>> G = LCA([0, 0])
>>> for element in G.elements_by_maxnorm([0, 1]):
...     print(element)
[0, 0]
[1, -1]
[-1, -1]
[1, 0]
[-1, 0]
[1, 1]
[-1, 1]
[0, 1]
[0, -1]
>>> G = LCA([5, 8])
>>> for element in G.elements_by_maxnorm([4, 5]):
...     print(element)
[3, 4]
[4, 4]
[0, 4]
[1, 4]
[2, 4]










	
equal(other)

	Whether or not two LCAs are equal.

Two LCAs are equal iff the list of orders and the list of discrete
are both equal.


	Parameters

	other (LCA) – The LCA to compare equality with.



	Returns

	equal – Whether or not the LCAs are equal.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> G = LCA([1, 5, 7], [False, True, True])
>>> H = G.copy()
>>> G == H  # The `==` operator is overloaded
True
>>> G.equal(H)  # Equality using the method
True










	
getitem(key)

	Return a slice of the LCA.


	Parameters

	key (slice) – A slice object, or an integer.



	Returns

	group – A slice of the FGA as specified by the slice object.



	Return type

	LCA





Examples

>>> G = LCA([5, 6, 1])
>>> G[0:2] == LCA([5, 6])
True
>>> G[0] == LCA([5])
True










	
is_FGA()

	Whether or not the LCA is a FGA.

A locally compact abelian group (LCA) is a finitely generated
abelian group (FGA) iff all the groups in the direct sum are discrete.


	Returns

	is_FGA – True if the object is an FGA, False if not.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> G = LCA([5, 1], [True, False])
>>> G.is_FGA()
False
>>> G = LCA([1, 7], [False, True])
>>> G.dual().is_FGA()
True










	
isomorphic(other)

	Whether or not two LCAs are isomorphic.

Two LCAs are isomorphic iff they can be put into the same
canonical form.


	Parameters

	other (LCA) – The LCA to compare with.



	Returns

	isomorphic – Whether or not the LCAs are isomorphic.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> G = LCA([3, 4])
>>> H = LCA([12])
>>> G.isomorphic(H)
True
>>> G.equal(H)
False





>>> LCA([2, 6]).isomorphic(LCA([12]))
False





>>> G = LCA([0, 0, 1, 3, 4], [False, True, True, True, True])
>>> H = LCA([0, 0, 3, 4], [True, False, True, True])
>>> G.isomorphic(H)
True





>>> LCA([]).isomorphic(LCA.trivial())
True










	
iterate()

	Yields the groups in the direct sum one by one.

Iterate through the groups and yield the individual groups in the
direct sum, one by one.


	Yields

	group (LCA) – A single group in the direct sum.





Examples

>>> G = LCA([5, 1], [True, False])
>>> groups = [LCA([5], [True]), LCA([1], [False])]
>>> for i, group in enumerate(G):
...     group == groups[i]
True
True










	
length()

	The number of groups in the direct sum.


	Returns

	length – The number of groups in the direct sum.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> G = LCA([])
>>> G.length()
0





>>> G = LCA([0, 1, 1, 5])
>>> G.length()
4










	
project_element(element)

	Project an element onto the group.


	Parameters

	element (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The group element to project to the LCA.



	Returns

	element – The group element projected to the LCA.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list





Examples

>>> from sympy import Matrix
>>> G = LCA([5, 9])
>>> g = [6, 22]
>>> G.project_element(g)
[1, 4]
>>> g = Matrix([13, 13])
>>> G.project_element(g) == Matrix([3, 4])
True










	
rank()

	Return the rank of the LCA.


	Returns

	rank – An integer greater than or equal to 0.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> G = LCA([5, 6, 1])
>>> G.rank()
2





>>> LCA([1]).rank()
0





>>> G = LCA([5, 6, 1])
>>> H = LCA([1])
>>> G.rank() + H.rank() == (G + H).rank()
True










	
remove_indices(indices)

	Return a LCA with some groups removed.


	Parameters

	indices (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of indices corresponding to LCAs to remove.



	Returns

	group – The LCA with some groups removed.



	Return type

	LCA





Examples

>>> G = LCA([5, 8, 9])
>>> G.remove_indices([0, 2]) == LCA([8])
True










	
remove_trivial()

	Remove trivial groups from the object.


	Returns

	group – The group with trivial groups removed.



	Return type

	LCA





Examples

>>> G = LCA([5, 1, 1])
>>> G.remove_trivial() == LCA([5])
True










	
sum(other)

	Return the direct sum of two LCAs.


	Parameters

	other (LCA) – The LCA to take direct sum with.



	Returns

	group – The direct sum of self and other.



	Return type

	LCA





Examples

>>> G = LCA([5])
>>> H = LCA([7])
>>> G + H == LCA([5, 7])  # The `+` operator is overloaded
True
>>> G + H == G.sum(H)  # Directs sums two ways
True










	
to_latex()

	Return the LCA as a \(\LaTeX\) string.


	Returns

	latex_str – A string with LaTeX code for the object.



	Return type

	str [https://docs.python.org/3.5/library/stdtypes.html#str]





Examples

>>> G = LCA([5, 0], [True, False])
>>> G.to_latex()
'\\mathbb{Z}_{5} \\oplus \\mathbb{R}'










	
classmethod trivial()

	Return a trivial LCA.


	Returns

	group – A trivial LCA.



	Return type

	LCA





Examples

>>> trivial = LCA.trivial()
>>> Z = LCA([0])
>>> (Z + trivial).isomorphic(Z)
True
















abelian.morphisms module

This module consists of classes representing homomorphisms between
elementary LCAs, the HomLCA class.


	
class HomLCA(A, target=None, source=None)

	Bases: collections.abc.Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable]

A homomorphism between elementary LCAs.


	
__init__(A, target=None, source=None)

	Initialize a homomorphism.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – A sympy matrix representing the homomorphism. The user may also
use a list of lists in the form [row1, row2, …] as input.


	target (LCA or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The target of the homomorphism. If None, a discrete target of
infinite order is used as the default.


	source (LCA or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The source of the homomorphism. If None, a discrete source of
infinite order is used as the default.








Examples

>>> # If no source/target is given, a free discrete group is assumed
>>> phi = HomLCA([[1,2],
...               [3,4]])
>>> phi.source.is_FGA() and phi.target.is_FGA()
True





>>> # If no source is given, a free discrete group is assumed
>>> phi = HomLCA([[1,2],
...               [3,4]], target = [5, 5])
>>> phi.source.is_FGA()
True





>>> # The homomorphism must be valid
>>> from abelian import LCA, HomLCA
>>> T = LCA(orders = [1], discrete = [False])
>>> R = LCA(orders = [0], discrete = [False])
>>> phi = HomLCA([1], target = R, source = T)
Traceback (most recent call last):
    ...
ValueError: 1: [T] -> [R] is not homomorphism










	
add(other)

	Elementwise addition.

Elementwise addition of the underlying matrix.


	Parameters

	other (HomLCA or numeric) – A homomorphism to add to the current one, or a number.



	Returns

	homomorphism – A new homomorphism with the argument added.



	Return type

	HomLCA










	
annihilator()

	Compute the annihilator monomorphism.






	
coimage()

	Compute the coimage epimorphism.


	Returns

	homomorphism – The coimage homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[4, 4],
...               [2, 8]], target = [16, 16])
>>> im = phi.image().remove_trivial_groups()
>>> coim = phi.coimage().remove_trivial_groups()
>>> phi == (im * coim).project_to_target()
True










	
cokernel()

	Compute the cokernel epimorphism.


	Returns

	homomorphism – The cokernel homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[1, 0], [0, 1], [1, 1]])
>>> coker = phi.cokernel()
>>> coker.target.isomorphic(LCA([1, 1, 0]))
True










	
compose(other)

	Compose two homomorphisms.

The composition of self and other is first other, then self.


	Parameters

	other (HomLCA) – The homomorphism to compose with.



	Returns

	homomorphism – The composition of self and other, i.e. self ( other (x)).



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[1, 0, 1],
...               [0, 1, 1]])
>>> ker_phi = HomLCA([1, 1, -1])
>>> (phi * ker_phi) == HomLCA([0, 0])
True
>>> phi.compose(ker_phi) == HomLCA([0, 0])
True










	
compose_self(power)

	Repeated composition of an endomorphism.


	Parameters

	power (int [https://docs.python.org/3.5/library/functions.html#int]) – The number of times to compose with self.



	Returns

	homomorphism – The endomorphism composed with itself power times.



	Return type

	HomLCA





Examples

>>> from sympy import diag
>>> phi = HomLCA(diag(2, 3))
>>> phi**3 == HomLCA(diag(2**3, 3**3))
True










	
copy()

	Return a copy of the homomorphism.


	Returns

	homomorphism – A copy of the homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([1, 2, 3])
>>> phi.copy() == phi
True










	
det()

	Determinant of the matrix representing the HomLCA.


	Returns

	determinant – Determinant of the matrix, if possible.



	Return type

	float [https://docs.python.org/3.5/library/functions.html#float]





Examples

>>> from abelian import LCA, HomLCA
>>> phi = HomLCA([[2, 0], [0, 3]])
>>> phi.det()
6
>>> R = LCA([0], [False])
>>> phi = HomLCA([[2.5, 0], [0, 2.5]], R**2, R**2)
>>> phi.det() == 6.25
True
>>> HomLCA([[3, 1]]).det()
Traceback (most recent call last):
...
sympy.matrices.common.NonSquareMatrixError










	
dual()

	Compute the dual homomorphism.

TODO: Write detailed description.


	Returns

	dual – The dual homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([2])
>>> phi_dual = phi.dual()
>>> phi_dual.source == phi_dual.target
True





Computing duals by first calculating orders

>>> # Project, then find dual
>>> phi = HomLCA([2], target = [10])
>>> phi_proj = phi.project_to_source()
>>> phi_project_dual = phi_proj.dual()
>>> phi_project_dual == HomLCA([1], [5], [10])
True
>>> # Do not project
>>> phi_dual = phi.dual()
>>> phi_dual == HomLCA([1/5], LCA([1], [False]), [10])
True










	
equal(other)

	Whether or not two homomorphisms are equal.

Two HomLCAs are equal iff (1) the sources are equal, (2) the targets
are equal and (3) the matrices representing the homomorphisms are
equal.


	Parameters

	other (HomLCA) – A HomLCA to compare equality with.



	Returns

	equal – Whether or not the HomLCAs are equal.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> phi = HomLCA([1], target=[0], source = [0]) # Explicit
>>> psi = HomLCA([1])   # Shorter, defaults to the above
>>> phi == psi
True










	
evaluate(source_element)

	Apply the homomorphism to an element.


	Parameters

	source_element – 





Examples

>>> from sympy import diag
>>> phi = HomLCA(diag(3, 4), target = [5, 6])
>>> phi.evaluate([2, 3])
[1, 0]
>>> phi.evaluate(Matrix([2, 3]))
Matrix([
[1],
[0]])










	
getitem(args)

	Return a slice of the homomorphism.

Slices the object with the common matrix slice notation, e.g. A[rows,
cols], where the rows and cols objects can be either
integers or slice objects. If the homomorphism is represented by a
column or row matrix, then the notation A[key] will also work.
The underlying matrix and the source and target LCAs are all sliced.


	Parameters

	args (slice [https://docs.python.org/3.5/library/functions.html#slice]) – A slice or a tuple with (slice_row, slice_col).



	Returns

	homomorphism – A sliced homomorphism.



	Return type

	HomLCA





Examples

The homomorphism is sliced using two input arguments.

>>> from sympy import diag
>>> phi = HomLCA(diag(4,5,6))
>>> phi[0,:] == HomLCA([[4, 0, 0]])
True
>>> phi[:,1] == HomLCA([0, 5, 0])
True





If the homomorphism is represented by a row or column, one arg will do.

>>> phi = HomLCA([1,2,3])
>>> phi[0:2] == HomLCA([1,2])
True










	
classmethod identity(group)

	Return the identity morphism.

Examples

>>> from abelian import LCA, HomLCA
>>> H = LCA([5, 6, 7])
>>> G = LCA([0, 0])
>>> phi = HomLCA([[1,2], [3,4], [5,6]], source = G, target = H)
>>> Id_H = HomLCA.identity(H)
>>> Id_G = HomLCA.identity(G)
>>> # Verify the properties of the identity morphism
>>> Id_H * phi == phi
True
>>> phi * Id_G == phi
True










	
image()

	Compute the image monomorphism.


	Returns

	homomorphism – The image homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[4, 4],
...               [2, 8]], target = [64, 32])
>>> im = phi.image().remove_trivial_groups()
>>> coim = phi.coimage().remove_trivial_groups()
>>> phi == (im * coim).project_to_target()
True





>>> # Image computations are also allowed when target is R
>>> R = LCA(orders = [0], discrete = [False])
>>> sample_matrix = [[1, 2, 3], [2, 3, 5]]
>>> phi_sample = HomLCA(sample_matrix, target = R + R)
>>> phi_sample_im = phi_sample.image().remove_trivial_groups()
>>> phi_sample_im == phi_sample[:, 1:]
True










	
kernel()

	Compute the kernel monomorphism.


	Returns

	homomorphism – The kernel homomorphism.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([[1, 0, 1], [0, 1, 1]])
>>> phi.kernel() == HomLCA([-1, -1, 1])
True










	
project_to_source()

	Project columns to source group (orders).


	Returns

	homomorphism – A homomorphism with orders in the source FGA.



	Return type

	HomLCA





Examples

>>> target = [3, 6]
>>> phi = HomLCA([[1, 0],
...               [3, 3]], target = target)
>>> phi = phi.project_to_source()
>>> phi.source.orders == [6, 2]
True










	
project_to_target()

	Project columns to target group.


	Returns

	homomorphism – A homomorphism with columns projected to the target FGA.



	Return type

	HomLCA





Examples

>>> target = [7, 12]
>>> phi = HomLCA([[15, 12],
...               [9,  17]], target = target)
>>> phi_proj = HomLCA([[1, 5],
...                    [9, 5]], target = target)
>>> phi.project_to_target() == phi_proj
True










	
remove_trivial_groups()

	Remove trivial groups.

A group is trivial if it is discrete with order 1, i.e. Z_1.
Removing trivial groups from the target group means removing the
Z_1 groups from the target, along with the corresponding rows of
the matrix representing the homomorphism.
Removing trivial groups from the source group means removing the
groups Z_1 from the source, i.e. removing every column (generator)
with order 1.


	Returns

	homomorphism – A homomorphism where the trivial groups have been removed from
the source and the target. The corresponding rows and columns of
the matrix representing the homomorphism are also removed.



	Return type

	HomLCA





Examples

>>> target = [1, 7]
>>> phi = HomLCA([[2, 1], [7, 2]], target=target)
>>> projected = HomLCA([[2]], target=[7], source = [7])
>>> phi.project_to_source().remove_trivial_groups() == projected
True










	
shape

	The shape (rows, cols).


	Returns

	shape – A tuple with the shape of the underlying matrix A, i.e. (rows,
cols).



	Return type

	tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple]










	
stack_diag(other)

	Stack diagonally.


	Parameters

	other (HomLCA) – A homomorphism to stack with the current one.



	Returns

	stacked_vert – The result of stacking the homomorphisms on diagonally.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([1])
>>> psi = HomLCA([2])
>>> phi.stack_diag(psi) == HomLCA([[1, 0], [0, 2]])
True










	
stack_horiz(other)

	Stack horizontally (column wise).

The targets must be the same, the sources will be concatenated.
The stacking is done to create a matrix with structure [self,
other], i.e. “Putting self to the left of other.”


	Parameters

	other (HomLCA) – A homomorphism to stack with the current one.



	Returns

	stacked_vert – The result of stacking the homomorphisms side by side.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([1])
>>> psi = HomLCA([2])
>>> phi.stack_horiz(psi) == HomLCA([[1, 2]])
True










	
stack_vert(other)

	Stack vertically (row wise).

The sources must be the same, the targets will be concatenated.
The stacking is done to create a matrix with structure [[self],
[other]], i.e. “Putting self on top of of other.”


	Parameters

	other (HomLCA) – A homomorphism to stack with the current one.



	Returns

	stacked_vert – The result of stacking the homomorphisms on top of each other.



	Return type

	HomLCA





Examples

>>> phi = HomLCA([1])
>>> psi = HomLCA([2])
>>> phi.stack_vert(psi) == HomLCA([1, 2])
True










	
to_latex()

	Return the homomorphism as a \(\LaTeX\) string.


	Returns

	latex – The HomLCA formatted as a LaTeX string.



	Return type

	str [https://docs.python.org/3.5/library/stdtypes.html#str]





Examples

>>> phi = HomLCA([1])
>>> phi.to_latex()
'\\begin{pmatrix}1\\end{pmatrix}:\\mathbb{Z} \\to \\mathbb{Z}'










	
update(new_A=None, new_target=None, new_source=None)

	Return a new homomorphism with updated properties.






	
classmethod zero(target, source)

	Initialize the zero morphism.


	Parameters

	
	target (LCA or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The target of the homomorphism. If None, a discrete target of
infinite order is used as the default.


	source (LCA or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The source of the homomorphism. If None, a discrete source of
infinite order is used as the default.








Examples

>>> zero = HomLCA.zero([0]*3, [0]*3)
>>> zero([1, 5, 7]) == [0, 0, 0]
True
















abelian.utils module


	
arg(min_or_max, iterable, function_of_element)

	Call a nested list like a function.


	Parameters

	
	list_of_lists (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A nested list of lists.


	arg (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The argument [dim1, dim2, …].






	Returns

	value – The object in the list of lists.



	Return type

	object [https://docs.python.org/3.5/library/functions.html#object]





Examples

>>> iterable = [-8, -4, -2, 3, 5]
>>> arg(min, iterable, abs)
-2
>>> iterable = range(-10, 10)
>>> arg(max, iterable, lambda x: -(x - 3)**2)
3










	
call_nested_list(list_of_lists, arg)

	Call a nested list like a function.


	Parameters

	
	list_of_lists (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A nested list of lists.


	arg (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The argument [dim1, dim2, …].






	Returns

	value – The object in the list of lists.



	Return type

	object [https://docs.python.org/3.5/library/functions.html#object]





Examples

>>> table = [1 ,2 ,3]
>>> call_nested_list(table, [0])
1





>>> table = [[1, 2], [1, 2], [1, 2]]
>>> call_nested_list(table, [0, 0])
1





>>> table = [[[1, 2, 3, 4], [1, 2, 3, 4]],
...          [[1, 2, 3, 4], [1, 2, 3, 4]],
...          [[1, 2, 3, 4], [1, 2, 3, 4]]]
>>> call_nested_list(table, [0, 0])
[1, 2, 3, 4]
>>> call_nested_list(table, [0, 0, 0])
1










	
copy_func(f)

	Based on http://stackoverflow.com/a/6528148/190597 (Glenn Maynard)






	
function_to_table(function, dims, *args, **kwargs)

	
	Parameters

	
	function (function) – A function with signature (list_arg, *args, **kwargs).


	dims (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of dimensions such as [8, 6, 3].













	
mod(a, b)

	Returns a % b, with a % 0 = a.


	Parameters

	
	a (int [https://docs.python.org/3.5/library/functions.html#int]) – The first argument in a % b.


	b (int [https://docs.python.org/3.5/library/functions.html#int]) – The second argument in a % b.






	Returns

	a modulus b.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> mod(5, 2)
1
>>> mod(5, 0)
5










	
verify_dims_list(list_of_lists, dims)

	Verify the dimensions of a list of lists.


	Parameters

	
	list_of_lists (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A nested list of lists.


	dims (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of dimensions.






	Returns

	verified – Whether or not the dimensions match the dims parameter.



	Return type

	bool [https://docs.python.org/3.5/library/functions.html#bool]





Examples

>>> table = [1 ,2 ,3]
>>> dims = [3]
>>> verify_dims_list(table, dims)
True





>>> table = [[1, 2], [1, 2], [1, 2]]
>>> dims = [3, 2]
>>> verify_dims_list(table, dims)
True





>>> table = [[[1, 2, 3, 4], [1, 2, 3, 4]],
...          [[1, 2, 3, 4], [1, 2, 4]],
...          [[1, 2, 3, 4], [1, 2, 3, 4]]]
>>> dims = [3, 2, 4] # Not correct, notice the missing value above
>>> verify_dims_list(table, dims)
False
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abelian.linalg package


Submodules




abelian.linalg.factorizations module

This module contains factorization algorithms for matrices over the
integers. All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
hermite_normal_form(A)

	Compute U and H such that A*U = H.

This algorithm computes the column version of the Hermite normal form, and
returns a tuple of matrices (U, H) such that A*U = H. The matrix U is an
unimodular transformation matrix and H is the result of the transformation,
i.e. H is in Hermite normal form.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The matrix to decompose.



	Returns

	
	U (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – An unimodular matrix, i.e. integer matrix with determinant +/- 1.


	H (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A matrix in Hermite normal form.










Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> U, H = hermite_normal_form(A)
>>> # Verify that U is unimodular (determinant +/- 1)
>>> U.det() in [1, -1]
True
>>> # Verify the decomposition
>>> A*U == H
True










	
smith_normal_form(A, compute_unimod=True)

	Compute U,S,V such that U*A*V = S.

This algorithm computes the Smith normal form of an integer matrix.
If compute_unimod is True, it returns matrices (U, S, V) such
that U*A*V = S, where U and V are unimodular and S is in Smith normal
form. If compute_unimod is False, it returns S and does not compute U
and V.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The matrix to factor.


	compute_unimod (bool [https://docs.python.org/3.5/library/functions.html#bool]) – Whether or not to compute and return unimodular matrices U and V.






	Returns

	
	U (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – An unimodular matrix, i.e. integer matrix with determinant +/- 1.


	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A matrix in Smith normal form.


	V (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – An unimodular matrix, i.e. integer matrix with determinant +/- 1.










Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> U, S, V = smith_normal_form(A)
>>> # Verify that U and V are both unimodular
>>> U.det() in [1, -1] and V.det() in [1, -1]
True
>>> # Verify the factorization
>>> U * A * V == S
True
>>> # Compute without U and V, verify that the result is the same
>>> K = smith_normal_form(A, compute_unimod=False)
>>> K == S
True












abelian.linalg.factorizations_reals module

This module contains functions which calculate mapping properties of
homomorphisms between R^n and R^m using the singular value decomposition (SVD).
All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
numerical_SVD(A)

	Compute U,S,V such that U*S*V = A.

The input is converted to numerical data, the SVD is computed using
the np.linalg.svd routine, which wraps the LAPACK routine _gesdd.
The data is then converted to a sympy matrix and returned.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	
	U (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A (close to) orthogonal sympy matrix.


	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A diagonal sympy matrix matrix.


	V (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A (close to) orthogonal sympy matrix.










Examples

>>> A = Matrix([[1, 2], [3, 4]])
>>> U, S, V = numerical_SVD(A)
>>> # U is orthogonal (up to machine precision or so)
>>> abs(abs(U.det()) - 1) < 10e-10
True
>>> # Verify that the decomposition is close to the original
>>> sum(abs(k) for k in (U*S*V - A))  < 10e-10
True










	
numerical_rank(A)

	Convert to numerical matrix and compute rank.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	r – The rank of A.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> A = Matrix([[1, 2], [3, 4]])
>>> numerical_rank(A)
2
>>> A = Matrix([[0, 0], [0, 10e-10]])
>>> numerical_rank(A)
1










	
real_coimage(A)

	Find the coimage of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the coimage epimorphism (row space of A), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The coimage of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 0],
...             [0, 1, 0]])
>>> im = real_image(A)
>>> coim = real_coimage(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (A - im * coim)) < 10e-15
True










	
real_cokernel(A)

	Find the cokernel of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the cokernel epimorphism (null space of A^T), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The cokernel of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [2, 2]])
>>> coker = real_cokernel(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (coker * A)) < 10e-15
True










	
real_image(A)

	Find the image of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the image monomorphism (column space), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The image of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [1, 1]])
>>> im = real_image(A)
>>> coim = real_coimage(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (A - im * coim)) < 10e-15
True










	
real_kernel(A)

	Find the kernel of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the kernel monomorphism (null space of A), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The kernel of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 1],
...             [0, 1, 1],
...             [2, 2, 4]])
>>> ker = real_kernel(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (A * ker)) < 10e-15
True












abelian.linalg.free_to_free module

This module contains functions which calculate mapping properties of
free-to-free homomorphisms. All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
elements_increasing_norm(free_rank, end_value=None)

	Continually yield every element in Z^r of increasing max-norm.


	Parameters

	free_rank (int [https://docs.python.org/3.5/library/functions.html#int]) – The free rank (like dimension) of Z^r, i.e. free_rank = r.



	Yields

	tuple – Elements in Z^r with increasing maxnorm.





Examples

>>> free_rank = 2 # Like dimension
>>> for count, element in enumerate(elements_increasing_norm(free_rank)):
...     if count >= 9:
...         break
...     print(count, element, max(abs(k) for k in element))
0 (0, 0) 0
1 (1, -1) 1
2 (-1, -1) 1
3 (1, 0) 1
4 (-1, 0) 1
5 (1, 1) 1
6 (-1, 1) 1
7 (0, 1) 1
8 (0, -1) 1










	
elements_of_maxnorm(free_rank, maxnorm_value)

	Yield every element of Z^r such that max_norm(element) = maxnorm_value.


	Parameters

	
	free_rank (int [https://docs.python.org/3.5/library/functions.html#int]) – The free rank (like dimension) of Z^r, i.e. free_rank = r.


	maxnorm_value (int [https://docs.python.org/3.5/library/functions.html#int]) – The value of the maximum norm of the elements generated.






	Yields

	tuple – Elements in Z^r that satisfy the norm criterion.





Examples

>>> free_rank = 3 # Like dimension
>>> maxnorm_value = 4
>>> elements = list(elements_of_maxnorm(free_rank, maxnorm_value))
>>> # Verify that the max norm is the correct value
>>> all(max(abs(k) for k in e) for e in elements)
True
>>> # Verify the number of elements
>>> n = maxnorm_value
>>> len(elements) == ((2*n + 1)**free_rank - (2*n - 1)**free_rank)
True










	
elements_of_maxnorm_FGA(orders, maxnorm_value)

	Yield every element of Z_`orders` such that max_norm(element) = maxnorm_value.


	Parameters

	
	orders (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – Orders in Z_orders, where 0 means infinite order,
i.e. [2, 0] is Z_2 + Z.


	maxnorm_value (int [https://docs.python.org/3.5/library/functions.html#int]) – The value of the maximum norm of the elements generated.






	Yields

	tuple – Elements in Z_orders that satisfy the norm criterion.





Examples

>>> orders = [0, 0]
>>> norm_value = 1
>>> elements = list(elements_of_maxnorm_FGA(orders, norm_value))
>>> len(elements)
8
>>> orders = [0, 3]
>>> norm_value = 2
>>> for element in elements_of_maxnorm_FGA(orders, norm_value):
...     print(element)
(2, 2)
(-2, 2)
(2, 0)
(-2, 0)
(2, 1)
(-2, 1)










	
free_coimage(A)

	Computes the free-to-free coimage epimorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the coimage epimorphism.
The coimage epimorphism has the property that \(A\) factors through
the composition of the coimage and image morphisms, i.e.
\(\operatorname{im}(A) \circ \operatorname{coim}(A) = A\).


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	coim_A – The coimage epimorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [1, 1]])
>>> # Clearly the image is A itself, so coim(A) must be I
>>> free_coimage(A) == Matrix.eye(2)
True
>>> # Verify the image(A) * coimage(A) = A factorization
>>> free_image(A) * free_coimage(A) == A
True










	
free_cokernel(A)

	Computes the free-to-free cokernel epimorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the cokernel epimorphism.
The cokernel epimorphism has the property that
\(\operatorname{coker}(A) \circ A = \mathbf{0}\), where
\(\mathbf{0}\) denotes the zero morphism.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	coker_A – The cokernel epimorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> from abelian.linalg.utils import matrix_mod_vector
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [1, 1]])
>>> coker_A = free_cokernel(A)
>>> quotient = free_quotient(A)
>>> # Compute coker(A) * A and verify that it's 0 in the
>>> # target group of coker(A).
>>> product = matrix_mod_vector(coker_A * A, quotient)
>>> product == 0 * product
True










	
free_image(A)

	Computes the free-to-free image monomorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the image monomorphism.
The image monomorphism has the property that \(A\) factors through
the composition of the coimage and image morphisms, i.e.
\(\operatorname{im}(A) \circ \operatorname{coim}(A) = A\).


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	im_A – The image monomorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 1],
...             [0, 1, 1]])
>>> # Clearly the image is the identity matrix
>>> free_image(A) == Matrix.eye(2)
True
>>> # Verify the image(A) * coimage(A) = A factorization
>>> free_image(A) * free_coimage(A) == A
True










	
free_kernel(A)

	Computes the free-to-free kernel monomorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the kernel monomorphism.
The kernel monomorphism has the property that
\(A \circ \operatorname{ker}(A) = \mathbf{0}\), where \(\mathbf{0}\)
denotes the zero morphism.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	ker_A – The kernel monomorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 1],
...             [0, 1, 1]])
>>> ker_A = free_kernel(A)
>>> # Verify the factorization
>>> A * ker_A == Matrix([0, 0])
True










	
free_quotient(A)

	Compute the quotient group Z^m / im(A).

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the cokernel epimorphism,
which maps from \(A: \mathbb{Z}^n\) to
\(A: \mathbb{Z}^m / \operatorname{im}(A)\).


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	quotient – The structure of the quotient group target(A)/im(A).



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import diag
>>> A = diag(1, 2, 3)
>>> free_quotient(A) == Matrix([1, 1, 6])
True










	
mod(a, b)

	Mod for integers, tuples and lists.


	Parameters

	
	a (int [https://docs.python.org/3.5/library/functions.html#int], tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple] or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The argument.


	b (int [https://docs.python.org/3.5/library/functions.html#int], tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple] or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The order.






	Returns

	A mod b.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int], tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple] or list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> mod(7, 5) # Integer data
2
>>> mod((5, 8), (4, 4)) # Tuple data
(1, 0)
>>> mod([5, 8], [4, 4]) # List data
[1, 0]












abelian.linalg.solvers module

This module contains equation solvers. All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
solve(A, b, p=None)

	Solve eqn Ax = b mod p over Z.

The data (A, b, p) must be integer. The equation Ax = b mod p is solved,
if a solution exists. If A is an epimorphism but not a monomorphism (i.e.
overdetermined), one of the possible solutions is returned. If A is a
monomorphism but not an epimorphism (i.e. underdetermined), a solution
will be returned if one exists. If there is no solution, None is returned.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix of size m x n.


	b (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size m x 1.


	p (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size m x 1. This column matrix represents
the orders of the target group of A. If None, p will be set to the
zero vector, i.e. infinite order in all components.






	Returns

	x – A solution to A*x = b mod p, where x is of size n x 1.
If no solution is found, None is returned.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> from abelian.linalg.utils import vector_mod_vector
>>> A = Matrix([[5, 0, 3],
...             [0, 3, 4]])
>>> x = Matrix([2, -1, 2])
>>> p = Matrix([9, 9])
>>> b = vector_mod_vector(A*x, p)
>>> x_sol = solve(A, b, p)
>>> vector_mod_vector(A*x_sol, p) == b
True










	
solve_epi(A, B, p=None)

	Solve the equation X * mod p * A = B, where A is an epimorphism.

The algorithm will produce a solution if (mod p * A) has a one
sided inverse such that A_inv * A = I, i.e. A is an epimorphism.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix of size m x n.


	B (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size k x n.


	p (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size m x 1. This column matrix represents
the orders of the target group of A. If None, p will be set to the
zero vector, i.e. infinite order.






	Returns

	x – A solution to X * mod p * A = B.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> from abelian.linalg.utils import vector_mod_vector
>>> A = Matrix([[5, 0, 3],
...             [0, 3, 4]])
>>> X = Matrix([[1, 1],
...             [0, 1]])
>>> B = X * A
>>> X_sol = solve_epi(A, B)
>>> X_sol * A == B
True












abelian.linalg.utils module

This module contains a set of utility functions which are used by the
other modules in the linalg package. The functions defined herein
operate on matrices, or are at the very least related to linear algebra
computations.


	
columns_as_list(A)

	Returns the columns of A as a list of lists.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	list_of_cols – A list of lists, where each sub_list is a column,
e.g. structure [[col1], [col2], …].



	Return type

	list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> list_of_cols = columns_as_list(A)
>>> list_of_cols
[[1, 3], [2, 4]]










	
diag_times_mat(diagonal, A)

	Multiply a diagonal and a dense matrix.

Multiplies a column vector diagonal with A, in that order.
This algorithm exploids the diagonal structure
to reduce the number of computations.


	Parameters

	
	diag (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The diagonal of a matrix, represented as a sympy column vector.


	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A dense matrix.






	Returns

	product – The product diag times A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> diagonal = Matrix([2, 3])
>>> diag_times_mat(diagonal, A) == diag(2, 3) * A
True










	
diagonal_rank(S)

	Count the number of non-zero diagonals in S,
where S is in Smith normal form.


	Parameters

	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix in Smith normal form.



	Returns

	num_nonzeros – The number of non-zeros on the diagonal.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from sympy import diag
>>> diagonal_rank(diag(1,2,0,0,0,0))
2
>>> diagonal_rank(diag(1,2,4,8,0,0))
4










	
difference(iterable1, iterable2, p=None)

	Compute the difference with a p-norm.


	Parameters

	
	iterable1 (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The iterable to compute the norm over.


	iterable2 (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The iterable to compute the norm over.


	p (float [https://docs.python.org/3.5/library/functions.html#float]) – The p-value in the p-norm. Should be between 1 and infinity (None).






	Returns

	norm – The computed norm of the difference.



	Return type

	float [https://docs.python.org/3.5/library/functions.html#float]





Examples

>>> 2 + 2
4










	
mat_times_diag(A, diagonal)

	Multiply a dense matrix and a diagonal.

Multiplies A with a column vector diagonal, which is interpreted as
the diagonal of a matrix. This algorithm exploids the diagonal structure
to reduce the number of computations.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A dense matrix.


	diag (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The diagonal of a matrix, represented as a sympy column vector.






	Returns

	product – The product A times diag.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> diagonal = Matrix([2, 3])
>>> mat_times_diag(A, diagonal) == A * diag(2, 3)
True










	
matrix_mod_vector(A, mod_col)

	Returns a copy of A with every column modded by mod_col.


	Parameters

	
	vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix of size m x n.


	mod_col (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column vector, i.e. a sympy matrix of dimension m x 1.






	Returns

	A – A copy of the input with each column modded.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[5, 6],
...             [8, 5],
...             [3, 5]])
>>> mod_col = Matrix([4, 6, 3])
>>> A_modded = matrix_mod_vector(A, mod_col)
>>> A_modded == Matrix([[1, 2],
...                     [2, 5], [0, 2]])
True










	
nonzero_columns(H)

	Counts the number of columns in H not identically zero.


	Parameters

	H (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	nonzero_cols – The number of columns of A not indentically zero.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[0, 2],
...             [0, 4]])
>>> nonzero_columns(A)
1
>>> nonzero_columns(Matrix.eye(5))
5
>>> nonzero_columns(diag(0,1,0,3,5,0))
3










	
nonzero_diag_as_list(S)

	Return a list of the non-zero diagonals entries of S.


	Parameters

	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix, typically in Smith normal form.



	Returns

	nonzero_diags – A list of the non-zero diagonal entries of S.



	Return type

	list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> from sympy import diag
>>> nonzero_diag_as_list(diag(1,2,0,0,0,0))
[1, 2]
>>> nonzero_diag_as_list(diag(1,2,4,8,0,0))
[1, 2, 4, 8]










	
norm(vector, p=2)

	The p-norm of an iterable.


	Parameters

	
	vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The iterable to compute the norm over.


	p (float [https://docs.python.org/3.5/library/functions.html#float]) – The p-value in the p-norm. Should be between 1 and infinity (None).






	Returns

	norm – The computed norm.



	Return type

	float [https://docs.python.org/3.5/library/functions.html#float]





Examples

>>> vector = [1, 2, 3]
>>> norm(vector, 1)
6.0
>>> norm(tuple(vector), None)
3.0
>>> norm(iter(vector), None)
3.0
>>> norm(vector, None)
3.0
>>> norm(vector, 2)
3.7416573867739413
>>> from sympy import Matrix
>>> vector = Matrix(vector)
>>> norm(vector, 1)
6.0
>>> norm(vector, None)
3.0
>>> norm(vector, 2)
3.7416573867739413










	
order_of_vector(v, mod_vector)

	Returns the order of the element v in a FGA like mod_vector.


	Parameters

	
	v (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or a list) – An iterable object with integers. This is the group element.


	mod_vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or a list) – An iterable object with integers. This is the orders of the group.






	Returns

	order – The order of v in mod_vector.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from sympy import Matrix
>>> order_of_vector([1,2,3], [2,4,6]) # Order of 2
2
>>> order_of_vector([1,2,3], [0, 0, 0]) # Order of 0 (infinite order)
0
>>> order_of_vector([1,2,3], [7, 5, 2]) # lcm(7, 10, 2) is 70
70
>>> order_of_vector([0,0,0], [0,0,0]) # Identity element
1
>>> order_of_vector([0,2, 3], [0,0,0]) # Non-trivial element
0
>>> order_of_vector([1, 0, 1], [5, 0, 0])
0










	
reciprocal_entrywise(A)

	Returns the entrywise reciprocal of a matrix or vector.

Will skip zero entries.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix, or vector ( m x 1 matrix).



	Returns

	reciprocal – The entrywise reciprocal of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> D = diag(1, 2, 3)
>>> D_inv = reciprocal_entrywise(D)
>>> D * D_inv == Matrix.eye(3)
True
>>> A = Matrix([[1, 5], [4, 1]])
>>> A_recip = reciprocal_entrywise(A)
>>> A_recip == Matrix([[1, 1/5], [1/4, 1]])
True










	
remove_cols(A, cols_to_remove)

	Return a copy of A where the columns with indices in cols_to_remove
are removed.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.


	cols_to_remove (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of column indices to remove from A.






	Returns

	A – A copy of the input matrix with removed columns.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[5, 6, 7, 8]])
>>> B = remove_cols(A, [0, 2])
>>> B == Matrix([[6, 8]])
True










	
remove_rows(A, rows_to_remove)

	Return a copy of A where the rows with indices in rows_to_remove
are removed.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.


	rows_to_remove (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of row indices to remove from A.






	Returns

	A – A copy of the input matrix with removed rows.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[5, 6, 7, 8]]).T
>>> B = remove_rows(A, [0, 2])
>>> B == Matrix([[6, 8]]).T
True










	
remove_zero_columns(M)

	Return a copy of M where the columns that are identically zero are deleted.


	Parameters

	M (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix with zero or more columns which are identically zero.



	Returns

	M – A copy of the input matrix with all zero columns removed.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[0, 1],
...             [0, 2]])
>>> remove_zero_columns(A) == Matrix([1, 2])
True
>>> A = diag(0,1,2)
>>> A_del = Matrix([[0, 0],
...                 [1, 0],
...                 [0, 2]])
>>> remove_zero_columns(A) == A_del
True










	
vector_mod_vector(vector, mod_vector)

	Return vector % mod_vector, a vectorized mod operation.


	Parameters

	
	vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column vector, i.e. a sympy matrix of dimension m x 1.


	mod_vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column vector, i.e. a sympy matrix of dimension m x 1.






	Returns

	modded_vector – The result of the mod operation on every entry.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> element = Matrix([5, 7, 9])
>>> mod_vect = Matrix([3, 3, 5])
>>> modded = vector_mod_vector(element, mod_vect)
>>> modded == Matrix([2, 1, 4])
True
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abelian.linalg package


Submodules




abelian.linalg.factorizations module

This module contains factorization algorithms for matrices over the
integers. All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
hermite_normal_form(A)

	Compute U and H such that A*U = H.

This algorithm computes the column version of the Hermite normal form, and
returns a tuple of matrices (U, H) such that A*U = H. The matrix U is an
unimodular transformation matrix and H is the result of the transformation,
i.e. H is in Hermite normal form.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The matrix to decompose.



	Returns

	
	U (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – An unimodular matrix, i.e. integer matrix with determinant +/- 1.


	H (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A matrix in Hermite normal form.










Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> U, H = hermite_normal_form(A)
>>> # Verify that U is unimodular (determinant +/- 1)
>>> U.det() in [1, -1]
True
>>> # Verify the decomposition
>>> A*U == H
True










	
smith_normal_form(A, compute_unimod=True)

	Compute U,S,V such that U*A*V = S.

This algorithm computes the Smith normal form of an integer matrix.
If compute_unimod is True, it returns matrices (U, S, V) such
that U*A*V = S, where U and V are unimodular and S is in Smith normal
form. If compute_unimod is False, it returns S and does not compute U
and V.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The matrix to factor.


	compute_unimod (bool [https://docs.python.org/3.5/library/functions.html#bool]) – Whether or not to compute and return unimodular matrices U and V.






	Returns

	
	U (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – An unimodular matrix, i.e. integer matrix with determinant +/- 1.


	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A matrix in Smith normal form.


	V (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – An unimodular matrix, i.e. integer matrix with determinant +/- 1.










Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> U, S, V = smith_normal_form(A)
>>> # Verify that U and V are both unimodular
>>> U.det() in [1, -1] and V.det() in [1, -1]
True
>>> # Verify the factorization
>>> U * A * V == S
True
>>> # Compute without U and V, verify that the result is the same
>>> K = smith_normal_form(A, compute_unimod=False)
>>> K == S
True












abelian.linalg.factorizations_reals module

This module contains functions which calculate mapping properties of
homomorphisms between R^n and R^m using the singular value decomposition (SVD).
All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
numerical_SVD(A)

	Compute U,S,V such that U*S*V = A.

The input is converted to numerical data, the SVD is computed using
the np.linalg.svd routine, which wraps the LAPACK routine _gesdd.
The data is then converted to a sympy matrix and returned.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	
	U (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A (close to) orthogonal sympy matrix.


	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A diagonal sympy matrix matrix.


	V (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A (close to) orthogonal sympy matrix.










Examples

>>> A = Matrix([[1, 2], [3, 4]])
>>> U, S, V = numerical_SVD(A)
>>> # U is orthogonal (up to machine precision or so)
>>> abs(abs(U.det()) - 1) < 10e-10
True
>>> # Verify that the decomposition is close to the original
>>> sum(abs(k) for k in (U*S*V - A))  < 10e-10
True










	
numerical_rank(A)

	Convert to numerical matrix and compute rank.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	r – The rank of A.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> A = Matrix([[1, 2], [3, 4]])
>>> numerical_rank(A)
2
>>> A = Matrix([[0, 0], [0, 10e-10]])
>>> numerical_rank(A)
1










	
real_coimage(A)

	Find the coimage of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the coimage epimorphism (row space of A), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The coimage of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 0],
...             [0, 1, 0]])
>>> im = real_image(A)
>>> coim = real_coimage(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (A - im * coim)) < 10e-15
True










	
real_cokernel(A)

	Find the cokernel of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the cokernel epimorphism (null space of A^T), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The cokernel of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [2, 2]])
>>> coker = real_cokernel(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (coker * A)) < 10e-15
True










	
real_image(A)

	Find the image of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the image monomorphism (column space), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The image of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [1, 1]])
>>> im = real_image(A)
>>> coim = real_coimage(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (A - im * coim)) < 10e-15
True










	
real_kernel(A)

	Find the kernel of A, when the entries are real.

Converts the matrix to a numerical input, computes the SVD,
finds the kernel monomorphism (null space of A), converts back
to a sympy-matrix and returns.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	K – The kernel of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 1],
...             [0, 1, 1],
...             [2, 2, 4]])
>>> ker = real_kernel(A)
>>> # Verify the decomposition
>>> sum(abs(k) for k in (A * ker)) < 10e-15
True












abelian.linalg.free_to_free module

This module contains functions which calculate mapping properties of
free-to-free homomorphisms. All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
elements_increasing_norm(free_rank, end_value=None)

	Continually yield every element in Z^r of increasing max-norm.


	Parameters

	free_rank (int [https://docs.python.org/3.5/library/functions.html#int]) – The free rank (like dimension) of Z^r, i.e. free_rank = r.



	Yields

	tuple – Elements in Z^r with increasing maxnorm.





Examples

>>> free_rank = 2 # Like dimension
>>> for count, element in enumerate(elements_increasing_norm(free_rank)):
...     if count >= 9:
...         break
...     print(count, element, max(abs(k) for k in element))
0 (0, 0) 0
1 (1, -1) 1
2 (-1, -1) 1
3 (1, 0) 1
4 (-1, 0) 1
5 (1, 1) 1
6 (-1, 1) 1
7 (0, 1) 1
8 (0, -1) 1










	
elements_of_maxnorm(free_rank, maxnorm_value)

	Yield every element of Z^r such that max_norm(element) = maxnorm_value.


	Parameters

	
	free_rank (int [https://docs.python.org/3.5/library/functions.html#int]) – The free rank (like dimension) of Z^r, i.e. free_rank = r.


	maxnorm_value (int [https://docs.python.org/3.5/library/functions.html#int]) – The value of the maximum norm of the elements generated.






	Yields

	tuple – Elements in Z^r that satisfy the norm criterion.





Examples

>>> free_rank = 3 # Like dimension
>>> maxnorm_value = 4
>>> elements = list(elements_of_maxnorm(free_rank, maxnorm_value))
>>> # Verify that the max norm is the correct value
>>> all(max(abs(k) for k in e) for e in elements)
True
>>> # Verify the number of elements
>>> n = maxnorm_value
>>> len(elements) == ((2*n + 1)**free_rank - (2*n - 1)**free_rank)
True










	
elements_of_maxnorm_FGA(orders, maxnorm_value)

	Yield every element of Z_`orders` such that max_norm(element) = maxnorm_value.


	Parameters

	
	orders (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – Orders in Z_orders, where 0 means infinite order,
i.e. [2, 0] is Z_2 + Z.


	maxnorm_value (int [https://docs.python.org/3.5/library/functions.html#int]) – The value of the maximum norm of the elements generated.






	Yields

	tuple – Elements in Z_orders that satisfy the norm criterion.





Examples

>>> orders = [0, 0]
>>> norm_value = 1
>>> elements = list(elements_of_maxnorm_FGA(orders, norm_value))
>>> len(elements)
8
>>> orders = [0, 3]
>>> norm_value = 2
>>> for element in elements_of_maxnorm_FGA(orders, norm_value):
...     print(element)
(2, 2)
(-2, 2)
(2, 0)
(-2, 0)
(2, 1)
(-2, 1)










	
free_coimage(A)

	Computes the free-to-free coimage epimorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the coimage epimorphism.
The coimage epimorphism has the property that \(A\) factors through
the composition of the coimage and image morphisms, i.e.
\(\operatorname{im}(A) \circ \operatorname{coim}(A) = A\).


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	coim_A – The coimage epimorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [1, 1]])
>>> # Clearly the image is A itself, so coim(A) must be I
>>> free_coimage(A) == Matrix.eye(2)
True
>>> # Verify the image(A) * coimage(A) = A factorization
>>> free_image(A) * free_coimage(A) == A
True










	
free_cokernel(A)

	Computes the free-to-free cokernel epimorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the cokernel epimorphism.
The cokernel epimorphism has the property that
\(\operatorname{coker}(A) \circ A = \mathbf{0}\), where
\(\mathbf{0}\) denotes the zero morphism.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	coker_A – The cokernel epimorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> from abelian.linalg.utils import matrix_mod_vector
>>> A = Matrix([[1, 0],
...             [0, 1],
...             [1, 1]])
>>> coker_A = free_cokernel(A)
>>> quotient = free_quotient(A)
>>> # Compute coker(A) * A and verify that it's 0 in the
>>> # target group of coker(A).
>>> product = matrix_mod_vector(coker_A * A, quotient)
>>> product == 0 * product
True










	
free_image(A)

	Computes the free-to-free image monomorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the image monomorphism.
The image monomorphism has the property that \(A\) factors through
the composition of the coimage and image morphisms, i.e.
\(\operatorname{im}(A) \circ \operatorname{coim}(A) = A\).


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	im_A – The image monomorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 1],
...             [0, 1, 1]])
>>> # Clearly the image is the identity matrix
>>> free_image(A) == Matrix.eye(2)
True
>>> # Verify the image(A) * coimage(A) = A factorization
>>> free_image(A) * free_coimage(A) == A
True










	
free_kernel(A)

	Computes the free-to-free kernel monomorphism of A.

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the kernel monomorphism.
The kernel monomorphism has the property that
\(A \circ \operatorname{ker}(A) = \mathbf{0}\), where \(\mathbf{0}\)
denotes the zero morphism.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	ker_A – The kernel monomorphism associated with A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 0, 1],
...             [0, 1, 1]])
>>> ker_A = free_kernel(A)
>>> # Verify the factorization
>>> A * ker_A == Matrix([0, 0])
True










	
free_quotient(A)

	Compute the quotient group Z^m / im(A).

Let \(A: \mathbb{Z}^n -> \mathbb{Z}^m\) be a homomorphism from
a free (infinite order) finitely generated Abelian group (FGA) to another
free FGA. Associated with this homomorphism is the cokernel epimorphism,
which maps from \(A: \mathbb{Z}^n\) to
\(A: \mathbb{Z}^m / \operatorname{im}(A)\).


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix.



	Returns

	quotient – The structure of the quotient group target(A)/im(A).



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import diag
>>> A = diag(1, 2, 3)
>>> free_quotient(A) == Matrix([1, 1, 6])
True










	
mod(a, b)

	Mod for integers, tuples and lists.


	Parameters

	
	a (int [https://docs.python.org/3.5/library/functions.html#int], tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple] or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The argument.


	b (int [https://docs.python.org/3.5/library/functions.html#int], tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple] or list [https://docs.python.org/3.5/library/stdtypes.html#list]) – The order.






	Returns

	A mod b.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int], tuple [https://docs.python.org/3.5/library/stdtypes.html#tuple] or list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> mod(7, 5) # Integer data
2
>>> mod((5, 8), (4, 4)) # Tuple data
(1, 0)
>>> mod([5, 8], [4, 4]) # List data
[1, 0]












abelian.linalg.solvers module

This module contains equation solvers. All the inputs and outputs are of type
MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix].


	
solve(A, b, p=None)

	Solve eqn Ax = b mod p over Z.

The data (A, b, p) must be integer. The equation Ax = b mod p is solved,
if a solution exists. If A is an epimorphism but not a monomorphism (i.e.
overdetermined), one of the possible solutions is returned. If A is a
monomorphism but not an epimorphism (i.e. underdetermined), a solution
will be returned if one exists. If there is no solution, None is returned.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix of size m x n.


	b (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size m x 1.


	p (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size m x 1. This column matrix represents
the orders of the target group of A. If None, p will be set to the
zero vector, i.e. infinite order in all components.






	Returns

	x – A solution to A*x = b mod p, where x is of size n x 1.
If no solution is found, None is returned.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> from abelian.linalg.utils import vector_mod_vector
>>> A = Matrix([[5, 0, 3],
...             [0, 3, 4]])
>>> x = Matrix([2, -1, 2])
>>> p = Matrix([9, 9])
>>> b = vector_mod_vector(A*x, p)
>>> x_sol = solve(A, b, p)
>>> vector_mod_vector(A*x_sol, p) == b
True










	
solve_epi(A, B, p=None)

	Solve the equation X * mod p * A = B, where A is an epimorphism.

The algorithm will produce a solution if (mod p * A) has a one
sided inverse such that A_inv * A = I, i.e. A is an epimorphism.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy integer matrix of size m x n.


	B (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size k x n.


	p (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column matrix of size m x 1. This column matrix represents
the orders of the target group of A. If None, p will be set to the
zero vector, i.e. infinite order.






	Returns

	x – A solution to X * mod p * A = B.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> from abelian.linalg.utils import vector_mod_vector
>>> A = Matrix([[5, 0, 3],
...             [0, 3, 4]])
>>> X = Matrix([[1, 1],
...             [0, 1]])
>>> B = X * A
>>> X_sol = solve_epi(A, B)
>>> X_sol * A == B
True












abelian.linalg.utils module

This module contains a set of utility functions which are used by the
other modules in the linalg package. The functions defined herein
operate on matrices, or are at the very least related to linear algebra
computations.


	
columns_as_list(A)

	Returns the columns of A as a list of lists.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	list_of_cols – A list of lists, where each sub_list is a column,
e.g. structure [[col1], [col2], …].



	Return type

	list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> list_of_cols = columns_as_list(A)
>>> list_of_cols
[[1, 3], [2, 4]]










	
diag_times_mat(diagonal, A)

	Multiply a diagonal and a dense matrix.

Multiplies a column vector diagonal with A, in that order.
This algorithm exploids the diagonal structure
to reduce the number of computations.


	Parameters

	
	diag (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The diagonal of a matrix, represented as a sympy column vector.


	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A dense matrix.






	Returns

	product – The product diag times A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> diagonal = Matrix([2, 3])
>>> diag_times_mat(diagonal, A) == diag(2, 3) * A
True










	
diagonal_rank(S)

	Count the number of non-zero diagonals in S,
where S is in Smith normal form.


	Parameters

	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix in Smith normal form.



	Returns

	num_nonzeros – The number of non-zeros on the diagonal.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from sympy import diag
>>> diagonal_rank(diag(1,2,0,0,0,0))
2
>>> diagonal_rank(diag(1,2,4,8,0,0))
4










	
difference(iterable1, iterable2, p=None)

	Compute the difference with a p-norm.


	Parameters

	
	iterable1 (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The iterable to compute the norm over.


	iterable2 (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The iterable to compute the norm over.


	p (float [https://docs.python.org/3.5/library/functions.html#float]) – The p-value in the p-norm. Should be between 1 and infinity (None).






	Returns

	norm – The computed norm of the difference.



	Return type

	float [https://docs.python.org/3.5/library/functions.html#float]





Examples

>>> 2 + 2
4










	
mat_times_diag(A, diagonal)

	Multiply a dense matrix and a diagonal.

Multiplies A with a column vector diagonal, which is interpreted as
the diagonal of a matrix. This algorithm exploids the diagonal structure
to reduce the number of computations.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A dense matrix.


	diag (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – The diagonal of a matrix, represented as a sympy column vector.






	Returns

	product – The product A times diag.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[1, 2],
...             [3, 4]])
>>> diagonal = Matrix([2, 3])
>>> mat_times_diag(A, diagonal) == A * diag(2, 3)
True










	
matrix_mod_vector(A, mod_col)

	Returns a copy of A with every column modded by mod_col.


	Parameters

	
	vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix of size m x n.


	mod_col (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column vector, i.e. a sympy matrix of dimension m x 1.






	Returns

	A – A copy of the input with each column modded.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[5, 6],
...             [8, 5],
...             [3, 5]])
>>> mod_col = Matrix([4, 6, 3])
>>> A_modded = matrix_mod_vector(A, mod_col)
>>> A_modded == Matrix([[1, 2],
...                     [2, 5], [0, 2]])
True










	
nonzero_columns(H)

	Counts the number of columns in H not identically zero.


	Parameters

	H (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.



	Returns

	nonzero_cols – The number of columns of A not indentically zero.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[0, 2],
...             [0, 4]])
>>> nonzero_columns(A)
1
>>> nonzero_columns(Matrix.eye(5))
5
>>> nonzero_columns(diag(0,1,0,3,5,0))
3










	
nonzero_diag_as_list(S)

	Return a list of the non-zero diagonals entries of S.


	Parameters

	S (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix, typically in Smith normal form.



	Returns

	nonzero_diags – A list of the non-zero diagonal entries of S.



	Return type

	list [https://docs.python.org/3.5/library/stdtypes.html#list]





Examples

>>> from sympy import diag
>>> nonzero_diag_as_list(diag(1,2,0,0,0,0))
[1, 2]
>>> nonzero_diag_as_list(diag(1,2,4,8,0,0))
[1, 2, 4, 8]










	
norm(vector, p=2)

	The p-norm of an iterable.


	Parameters

	
	vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or list) – The iterable to compute the norm over.


	p (float [https://docs.python.org/3.5/library/functions.html#float]) – The p-value in the p-norm. Should be between 1 and infinity (None).






	Returns

	norm – The computed norm.



	Return type

	float [https://docs.python.org/3.5/library/functions.html#float]





Examples

>>> vector = [1, 2, 3]
>>> norm(vector, 1)
6.0
>>> norm(tuple(vector), None)
3.0
>>> norm(iter(vector), None)
3.0
>>> norm(vector, None)
3.0
>>> norm(vector, 2)
3.7416573867739413
>>> from sympy import Matrix
>>> vector = Matrix(vector)
>>> norm(vector, 1)
6.0
>>> norm(vector, None)
3.0
>>> norm(vector, 2)
3.7416573867739413










	
order_of_vector(v, mod_vector)

	Returns the order of the element v in a FGA like mod_vector.


	Parameters

	
	v (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or a list) – An iterable object with integers. This is the group element.


	mod_vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix] or a list) – An iterable object with integers. This is the orders of the group.






	Returns

	order – The order of v in mod_vector.



	Return type

	int [https://docs.python.org/3.5/library/functions.html#int]





Examples

>>> from sympy import Matrix
>>> order_of_vector([1,2,3], [2,4,6]) # Order of 2
2
>>> order_of_vector([1,2,3], [0, 0, 0]) # Order of 0 (infinite order)
0
>>> order_of_vector([1,2,3], [7, 5, 2]) # lcm(7, 10, 2) is 70
70
>>> order_of_vector([0,0,0], [0,0,0]) # Identity element
1
>>> order_of_vector([0,2, 3], [0,0,0]) # Non-trivial element
0
>>> order_of_vector([1, 0, 1], [5, 0, 0])
0










	
reciprocal_entrywise(A)

	Returns the entrywise reciprocal of a matrix or vector.

Will skip zero entries.


	Parameters

	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix, or vector ( m x 1 matrix).



	Returns

	reciprocal – The entrywise reciprocal of A.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> D = diag(1, 2, 3)
>>> D_inv = reciprocal_entrywise(D)
>>> D * D_inv == Matrix.eye(3)
True
>>> A = Matrix([[1, 5], [4, 1]])
>>> A_recip = reciprocal_entrywise(A)
>>> A_recip == Matrix([[1, 1/5], [1/4, 1]])
True










	
remove_cols(A, cols_to_remove)

	Return a copy of A where the columns with indices in cols_to_remove
are removed.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.


	cols_to_remove (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of column indices to remove from A.






	Returns

	A – A copy of the input matrix with removed columns.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[5, 6, 7, 8]])
>>> B = remove_cols(A, [0, 2])
>>> B == Matrix([[6, 8]])
True










	
remove_rows(A, rows_to_remove)

	Return a copy of A where the rows with indices in rows_to_remove
are removed.


	Parameters

	
	A (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix.


	rows_to_remove (list [https://docs.python.org/3.5/library/stdtypes.html#list]) – A list of row indices to remove from A.






	Returns

	A – A copy of the input matrix with removed rows.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> A = Matrix([[5, 6, 7, 8]]).T
>>> B = remove_rows(A, [0, 2])
>>> B == Matrix([[6, 8]]).T
True










	
remove_zero_columns(M)

	Return a copy of M where the columns that are identically zero are deleted.


	Parameters

	M (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy matrix with zero or more columns which are identically zero.



	Returns

	M – A copy of the input matrix with all zero columns removed.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix, diag
>>> A = Matrix([[0, 1],
...             [0, 2]])
>>> remove_zero_columns(A) == Matrix([1, 2])
True
>>> A = diag(0,1,2)
>>> A_del = Matrix([[0, 0],
...                 [1, 0],
...                 [0, 2]])
>>> remove_zero_columns(A) == A_del
True










	
vector_mod_vector(vector, mod_vector)

	Return vector % mod_vector, a vectorized mod operation.


	Parameters

	
	vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column vector, i.e. a sympy matrix of dimension m x 1.


	mod_vector (MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]) – A sympy column vector, i.e. a sympy matrix of dimension m x 1.






	Returns

	modded_vector – The result of the mod operation on every entry.



	Return type

	MutableDenseMatrix [http://docs.sympy.org/latest/modules/matrices/dense.html#sympy.matrices.dense.MutableDenseMatrix]





Examples

>>> from sympy import Matrix
>>> element = Matrix([5, 7, 9])
>>> mod_vect = Matrix([3, 3, 5])
>>> modded = vector_mod_vector(element, mod_vect)
>>> modded == Matrix([2, 1, 4])
True
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Public classes







	HomLCA(A[, target, source])

	A homomorphism between elementary LCAs.



	LCA(orders[, discrete])

	An elementary locally compact abelian group (LCA).



	LCAFunc(representation, domain)

	A function from an LCA to a complex number.









Public functions







	hermite_normal_form(A)

	Compute U and H such that A*U = H.



	smith_normal_form(A[, compute_unimod])

	Compute U,S,V such that U*A*V = S.



	solve(A, b[, p])

	Solve eqn Ax = b mod p over Z.



	voronoi(epimorphism[, norm_p])

	Return the Voronoi transversal function.









Public classes (detailed)


LCAFunc


(inherits from: Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable] )










	LCAFunc(representation, domain)

	A function from an LCA to a complex number.



	__call__(list_arg, *args, **kwargs)

	Override function calls, see evaluate().



	__init__(representation, domain)

	Initialize a function G -> C.



	__repr__()

	Override the repr() function.



	copy()

	Return a copy of the instance.



	dft([func_type])

	If the domain allows it, compute DFT.



	evaluate(list_arg, *args, **kwargs)

	Evaluate function on a group element.



	idft([func_type])

	If the domain allows it, compute inv DFT.



	pointwise(other, operator)

	Apply pointwise binary operator.



	pullback(morphism)

	Return the pullback along morphism.



	pushforward(morphism[, terms_in_sum])

	Return the pushforward along morphism.



	sample(list_of_elements, *args, **kwargs)

	Sample on a list of group elements.



	shift(list_shift)

	Shift the function.



	to_latex()

	Return as a \(\LaTeX\) string.



	to_table(*args, **kwargs)

	Return a n-dimensional table.



	transversal(epimorphism[, transversal_rule, …])

	Pushforward using transversal rule.









LCA


(inherits from: Sequence [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Sequence], Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable] )










	LCA(orders[, discrete])

	An elementary locally compact abelian group (LCA).



	__add__(other)

	Override the addition (+) operator, see sum().



	__call__(element)

	Override function calls, see project_element().



	__contains__(other)

	Override the ‘in’ operator, see contained_in().



	__eq__(other)

	Override the equality (==) operator, see equal().



	__getitem__(key)

	Override the slice operator, see slice().



	__init__(orders[, discrete])

	Initialize a new LCA.



	__iter__()

	Override the iteration protocol, see iterate().



	__len__()

	Override the len() function, see length().



	__pow__(power[, modulo])

	Override the pow (**) operator, see compose_self().



	__repr__()

	Override the repr() function.



	canonical()

	Return the LCA in canonical form using SNF.



	compose_self(power)

	Repeated direct summation.



	contained_in(other)

	Whether the LCA is contained in other.



	copy()

	Return a copy of the LCA.



	dual()

	Return the Pontryagin dual of the LCA.



	elements_by_maxnorm([norm_values])

	Yield elements corresponding to max norm value.



	equal(other)

	Whether or not two LCAs are equal.



	getitem(key)

	Return a slice of the LCA.



	is_FGA()

	Whether or not the LCA is a FGA.



	isomorphic(other)

	Whether or not two LCAs are isomorphic.



	iterate()

	Yields the groups in the direct sum one by one.



	length()

	The number of groups in the direct sum.



	project_element(element)

	Project an element onto the group.



	rank()

	Return the rank of the LCA.



	remove_indices(indices)

	Return a LCA with some groups removed.



	remove_trivial()

	Remove trivial groups from the object.



	sum(other)

	Return the direct sum of two LCAs.



	to_latex()

	Return the LCA as a \(\LaTeX\) string.



	trivial()

	Return a trivial LCA.









HomLCA


(inherits from: Callable [https://docs.python.org/3.5/library/collections.abc.html#collections.abc.Callable] )










	HomLCA(A[, target, source])

	A homomorphism between elementary LCAs.



	__add__(other)

	Override the addition (+) operator, see add().



	__call__(source_element)

	Override function calls, see evaluate().



	__eq__(other)

	Override the equality (==) operator, see equal().



	__getitem__(args)

	Override the slice operator, see getitem().



	__init__(A[, target, source])

	Initialize a homomorphism.



	__mul__(other)

	Override the * operator, see compose().



	__pow__(power[, modulo])

	Override the pow (**) operator, see compose_self().



	__radd__(other)

	Override the addition (+) operator, see add().



	__repr__()

	Override the repr() function.



	__rmul__(other)

	Override the * operator, see compose().



	add(other)

	Elementwise addition.



	annihilator()

	Compute the annihilator monomorphism.



	coimage()

	Compute the coimage epimorphism.



	cokernel()

	Compute the cokernel epimorphism.



	compose(other)

	Compose two homomorphisms.



	compose_self(power)

	Repeated composition of an endomorphism.



	copy()

	Return a copy of the homomorphism.



	det()

	Determinant of the matrix representing the HomLCA.



	dual()

	Compute the dual homomorphism.



	equal(other)

	Whether or not two homomorphisms are equal.



	evaluate(source_element)

	Apply the homomorphism to an element.



	getitem(args)

	Return a slice of the homomorphism.



	identity(group)

	Return the identity morphism.



	image()

	Compute the image monomorphism.



	kernel()

	Compute the kernel monomorphism.



	project_to_source()

	Project columns to source group (orders).



	project_to_target()

	Project columns to target group.



	remove_trivial_groups()

	Remove trivial groups.



	stack_diag(other)

	Stack diagonally.



	stack_horiz(other)

	Stack horizontally (column wise).



	stack_vert(other)

	Stack vertically (row wise).



	to_latex()

	Return the homomorphism as a \(\LaTeX\) string.



	update([new_A, new_target, new_source])

	Return a new homomorphism with updated properties.



	zero(target, source)

	Initialize the zero morphism.












          

      

      

    

  

    
      
          
            
  
License

                    GNU GENERAL PUBLIC LICENSE
                       Version 3, 29 June 2007

 Copyright (C) 2007 Free Software Foundation, Inc. <http://fsf.org/>
 Everyone is permitted to copy and distribute verbatim copies
 of this license document, but changing it is not allowed.

                            Preamble

  The GNU General Public License is a free, copyleft license for
software and other kinds of works.

  The licenses for most software and other practical works are designed
to take away your freedom to share and change the works.  By contrast,
the GNU General Public License is intended to guarantee your freedom to
share and change all versions of a program--to make sure it remains free
software for all its users.  We, the Free Software Foundation, use the
GNU General Public License for most of our software; it applies also to
any other work released this way by its authors.  You can apply it to
your programs, too.

  When we speak of free software, we are referring to freedom, not
price.  Our General Public Licenses are designed to make sure that you
have the freedom to distribute copies of free software (and charge for
them if you wish), that you receive source code or can get it if you
want it, that you can change the software or use pieces of it in new
free programs, and that you know you can do these things.

  To protect your rights, we need to prevent others from denying you
these rights or asking you to surrender the rights.  Therefore, you have
certain responsibilities if you distribute copies of the software, or if
you modify it: responsibilities to respect the freedom of others.

  For example, if you distribute copies of such a program, whether
gratis or for a fee, you must pass on to the recipients the same
freedoms that you received.  You must make sure that they, too, receive
or can get the source code.  And you must show them these terms so they
know their rights.

  Developers that use the GNU GPL protect your rights with two steps:
(1) assert copyright on the software, and (2) offer you this License
giving you legal permission to copy, distribute and/or modify it.

  For the developers' and authors' protection, the GPL clearly explains
that there is no warranty for this free software.  For both users' and
authors' sake, the GPL requires that modified versions be marked as
changed, so that their problems will not be attributed erroneously to
authors of previous versions.

  Some devices are designed to deny users access to install or run
modified versions of the software inside them, although the manufacturer
can do so.  This is fundamentally incompatible with the aim of
protecting users' freedom to change the software.  The systematic
pattern of such abuse occurs in the area of products for individuals to
use, which is precisely where it is most unacceptable.  Therefore, we
have designed this version of the GPL to prohibit the practice for those
products.  If such problems arise substantially in other domains, we
stand ready to extend this provision to those domains in future versions
of the GPL, as needed to protect the freedom of users.

  Finally, every program is threatened constantly by software patents.
States should not allow patents to restrict development and use of
software on general-purpose computers, but in those that do, we wish to
avoid the special danger that patents applied to a free program could
make it effectively proprietary.  To prevent this, the GPL assures that
patents cannot be used to render the program non-free.

  The precise terms and conditions for copying, distribution and
modification follow.

                       TERMS AND CONDITIONS

  0. Definitions.

  "This License" refers to version 3 of the GNU General Public License.

  "Copyright" also means copyright-like laws that apply to other kinds of
works, such as semiconductor masks.

  "The Program" refers to any copyrightable work licensed under this
License.  Each licensee is addressed as "you".  "Licensees" and
"recipients" may be individuals or organizations.

  To "modify" a work means to copy from or adapt all or part of the work
in a fashion requiring copyright permission, other than the making of an
exact copy.  The resulting work is called a "modified version" of the
earlier work or a work "based on" the earlier work.

  A "covered work" means either the unmodified Program or a work based
on the Program.

  To "propagate" a work means to do anything with it that, without
permission, would make you directly or secondarily liable for
infringement under applicable copyright law, except executing it on a
computer or modifying a private copy.  Propagation includes copying,
distribution (with or without modification), making available to the
public, and in some countries other activities as well.

  To "convey" a work means any kind of propagation that enables other
parties to make or receive copies.  Mere interaction with a user through
a computer network, with no transfer of a copy, is not conveying.

  An interactive user interface displays "Appropriate Legal Notices"
to the extent that it includes a convenient and prominently visible
feature that (1) displays an appropriate copyright notice, and (2)
tells the user that there is no warranty for the work (except to the
extent that warranties are provided), that licensees may convey the
work under this License, and how to view a copy of this License.  If
the interface presents a list of user commands or options, such as a
menu, a prominent item in the list meets this criterion.

  1. Source Code.

  The "source code" for a work means the preferred form of the work
for making modifications to it.  "Object code" means any non-source
form of a work.

  A "Standard Interface" means an interface that either is an official
standard defined by a recognized standards body, or, in the case of
interfaces specified for a particular programming language, one that
is widely used among developers working in that language.

  The "System Libraries" of an executable work include anything, other
than the work as a whole, that (a) is included in the normal form of
packaging a Major Component, but which is not part of that Major
Component, and (b) serves only to enable use of the work with that
Major Component, or to implement a Standard Interface for which an
implementation is available to the public in source code form.  A
"Major Component", in this context, means a major essential component
(kernel, window system, and so on) of the specific operating system
(if any) on which the executable work runs, or a compiler used to
produce the work, or an object code interpreter used to run it.

  The "Corresponding Source" for a work in object code form means all
the source code needed to generate, install, and (for an executable
work) run the object code and to modify the work, including scripts to
control those activities.  However, it does not include the work's
System Libraries, or general-purpose tools or generally available free
programs which are used unmodified in performing those activities but
which are not part of the work.  For example, Corresponding Source
includes interface definition files associated with source files for
the work, and the source code for shared libraries and dynamically
linked subprograms that the work is specifically designed to require,
such as by intimate data communication or control flow between those
subprograms and other parts of the work.

  The Corresponding Source need not include anything that users
can regenerate automatically from other parts of the Corresponding
Source.

  The Corresponding Source for a work in source code form is that
same work.

  2. Basic Permissions.

  All rights granted under this License are granted for the term of
copyright on the Program, and are irrevocable provided the stated
conditions are met.  This License explicitly affirms your unlimited
permission to run the unmodified Program.  The output from running a
covered work is covered by this License only if the output, given its
content, constitutes a covered work.  This License acknowledges your
rights of fair use or other equivalent, as provided by copyright law.

  You may make, run and propagate covered works that you do not
convey, without conditions so long as your license otherwise remains
in force.  You may convey covered works to others for the sole purpose
of having them make modifications exclusively for you, or provide you
with facilities for running those works, provided that you comply with
the terms of this License in conveying all material for which you do
not control copyright.  Those thus making or running the covered works
for you must do so exclusively on your behalf, under your direction
and control, on terms that prohibit them from making any copies of
your copyrighted material outside their relationship with you.

  Conveying under any other circumstances is permitted solely under
the conditions stated below.  Sublicensing is not allowed; section 10
makes it unnecessary.

  3. Protecting Users' Legal Rights From Anti-Circumvention Law.

  No covered work shall be deemed part of an effective technological
measure under any applicable law fulfilling obligations under article
11 of the WIPO copyright treaty adopted on 20 December 1996, or
similar laws prohibiting or restricting circumvention of such
measures.

  When you convey a covered work, you waive any legal power to forbid
circumvention of technological measures to the extent such circumvention
is effected by exercising rights under this License with respect to
the covered work, and you disclaim any intention to limit operation or
modification of the work as a means of enforcing, against the work's
users, your or third parties' legal rights to forbid circumvention of
technological measures.

  4. Conveying Verbatim Copies.

  You may convey verbatim copies of the Program's source code as you
receive it, in any medium, provided that you conspicuously and
appropriately publish on each copy an appropriate copyright notice;
keep intact all notices stating that this License and any
non-permissive terms added in accord with section 7 apply to the code;
keep intact all notices of the absence of any warranty; and give all
recipients a copy of this License along with the Program.

  You may charge any price or no price for each copy that you convey,
and you may offer support or warranty protection for a fee.

  5. Conveying Modified Source Versions.

  You may convey a work based on the Program, or the modifications to
produce it from the Program, in the form of source code under the
terms of section 4, provided that you also meet all of these conditions:

    a) The work must carry prominent notices stating that you modified
    it, and giving a relevant date.

    b) The work must carry prominent notices stating that it is
    released under this License and any conditions added under section
    7.  This requirement modifies the requirement in section 4 to
    "keep intact all notices".

    c) You must license the entire work, as a whole, under this
    License to anyone who comes into possession of a copy.  This
    License will therefore apply, along with any applicable section 7
    additional terms, to the whole of the work, and all its parts,
    regardless of how they are packaged.  This License gives no
    permission to license the work in any other way, but it does not
    invalidate such permission if you have separately received it.

    d) If the work has interactive user interfaces, each must display
    Appropriate Legal Notices; however, if the Program has interactive
    interfaces that do not display Appropriate Legal Notices, your
    work need not make them do so.

  A compilation of a covered work with other separate and independent
works, which are not by their nature extensions of the covered work,
and which are not combined with it such as to form a larger program,
in or on a volume of a storage or distribution medium, is called an
"aggregate" if the compilation and its resulting copyright are not
used to limit the access or legal rights of the compilation's users
beyond what the individual works permit.  Inclusion of a covered work
in an aggregate does not cause this License to apply to the other
parts of the aggregate.

  6. Conveying Non-Source Forms.

  You may convey a covered work in object code form under the terms
of sections 4 and 5, provided that you also convey the
machine-readable Corresponding Source under the terms of this License,
in one of these ways:

    a) Convey the object code in, or embodied in, a physical product
    (including a physical distribution medium), accompanied by the
    Corresponding Source fixed on a durable physical medium
    customarily used for software interchange.

    b) Convey the object code in, or embodied in, a physical product
    (including a physical distribution medium), accompanied by a
    written offer, valid for at least three years and valid for as
    long as you offer spare parts or customer support for that product
    model, to give anyone who possesses the object code either (1) a
    copy of the Corresponding Source for all the software in the
    product that is covered by this License, on a durable physical
    medium customarily used for software interchange, for a price no
    more than your reasonable cost of physically performing this
    conveying of source, or (2) access to copy the
    Corresponding Source from a network server at no charge.

    c) Convey individual copies of the object code with a copy of the
    written offer to provide the Corresponding Source.  This
    alternative is allowed only occasionally and noncommercially, and
    only if you received the object code with such an offer, in accord
    with subsection 6b.

    d) Convey the object code by offering access from a designated
    place (gratis or for a charge), and offer equivalent access to the
    Corresponding Source in the same way through the same place at no
    further charge.  You need not require recipients to copy the
    Corresponding Source along with the object code.  If the place to
    copy the object code is a network server, the Corresponding Source
    may be on a different server (operated by you or a third party)
    that supports equivalent copying facilities, provided you maintain
    clear directions next to the object code saying where to find the
    Corresponding Source.  Regardless of what server hosts the
    Corresponding Source, you remain obligated to ensure that it is
    available for as long as needed to satisfy these requirements.

    e) Convey the object code using peer-to-peer transmission, provided
    you inform other peers where the object code and Corresponding
    Source of the work are being offered to the general public at no
    charge under subsection 6d.

  A separable portion of the object code, whose source code is excluded
from the Corresponding Source as a System Library, need not be
included in conveying the object code work.

  A "User Product" is either (1) a "consumer product", which means any
tangible personal property which is normally used for personal, family,
or household purposes, or (2) anything designed or sold for incorporation
into a dwelling.  In determining whether a product is a consumer product,
doubtful cases shall be resolved in favor of coverage.  For a particular
product received by a particular user, "normally used" refers to a
typical or common use of that class of product, regardless of the status
of the particular user or of the way in which the particular user
actually uses, or expects or is expected to use, the product.  A product
is a consumer product regardless of whether the product has substantial
commercial, industrial or non-consumer uses, unless such uses represent
the only significant mode of use of the product.

  "Installation Information" for a User Product means any methods,
procedures, authorization keys, or other information required to install
and execute modified versions of a covered work in that User Product from
a modified version of its Corresponding Source.  The information must
suffice to ensure that the continued functioning of the modified object
code is in no case prevented or interfered with solely because
modification has been made.

  If you convey an object code work under this section in, or with, or
specifically for use in, a User Product, and the conveying occurs as
part of a transaction in which the right of possession and use of the
User Product is transferred to the recipient in perpetuity or for a
fixed term (regardless of how the transaction is characterized), the
Corresponding Source conveyed under this section must be accompanied
by the Installation Information.  But this requirement does not apply
if neither you nor any third party retains the ability to install
modified object code on the User Product (for example, the work has
been installed in ROM).

  The requirement to provide Installation Information does not include a
requirement to continue to provide support service, warranty, or updates
for a work that has been modified or installed by the recipient, or for
the User Product in which it has been modified or installed.  Access to a
network may be denied when the modification itself materially and
adversely affects the operation of the network or violates the rules and
protocols for communication across the network.

  Corresponding Source conveyed, and Installation Information provided,
in accord with this section must be in a format that is publicly
documented (and with an implementation available to the public in
source code form), and must require no special password or key for
unpacking, reading or copying.

  7. Additional Terms.

  "Additional permissions" are terms that supplement the terms of this
License by making exceptions from one or more of its conditions.
Additional permissions that are applicable to the entire Program shall
be treated as though they were included in this License, to the extent
that they are valid under applicable law.  If additional permissions
apply only to part of the Program, that part may be used separately
under those permissions, but the entire Program remains governed by
this License without regard to the additional permissions.

  When you convey a copy of a covered work, you may at your option
remove any additional permissions from that copy, or from any part of
it.  (Additional permissions may be written to require their own
removal in certain cases when you modify the work.)  You may place
additional permissions on material, added by you to a covered work,
for which you have or can give appropriate copyright permission.

  Notwithstanding any other provision of this License, for material you
add to a covered work, you may (if authorized by the copyright holders of
that material) supplement the terms of this License with terms:

    a) Disclaiming warranty or limiting liability differently from the
    terms of sections 15 and 16 of this License; or

    b) Requiring preservation of specified reasonable legal notices or
    author attributions in that material or in the Appropriate Legal
    Notices displayed by works containing it; or

    c) Prohibiting misrepresentation of the origin of that material, or
    requiring that modified versions of such material be marked in
    reasonable ways as different from the original version; or

    d) Limiting the use for publicity purposes of names of licensors or
    authors of the material; or

    e) Declining to grant rights under trademark law for use of some
    trade names, trademarks, or service marks; or

    f) Requiring indemnification of licensors and authors of that
    material by anyone who conveys the material (or modified versions of
    it) with contractual assumptions of liability to the recipient, for
    any liability that these contractual assumptions directly impose on
    those licensors and authors.

  All other non-permissive additional terms are considered "further
restrictions" within the meaning of section 10.  If the Program as you
received it, or any part of it, contains a notice stating that it is
governed by this License along with a term that is a further
restriction, you may remove that term.  If a license document contains
a further restriction but permits relicensing or conveying under this
License, you may add to a covered work material governed by the terms
of that license document, provided that the further restriction does
not survive such relicensing or conveying.

  If you add terms to a covered work in accord with this section, you
must place, in the relevant source files, a statement of the
additional terms that apply to those files, or a notice indicating
where to find the applicable terms.

  Additional terms, permissive or non-permissive, may be stated in the
form of a separately written license, or stated as exceptions;
the above requirements apply either way.

  8. Termination.

  You may not propagate or modify a covered work except as expressly
provided under this License.  Any attempt otherwise to propagate or
modify it is void, and will automatically terminate your rights under
this License (including any patent licenses granted under the third
paragraph of section 11).

  However, if you cease all violation of this License, then your
license from a particular copyright holder is reinstated (a)
provisionally, unless and until the copyright holder explicitly and
finally terminates your license, and (b) permanently, if the copyright
holder fails to notify you of the violation by some reasonable means
prior to 60 days after the cessation.

  Moreover, your license from a particular copyright holder is
reinstated permanently if the copyright holder notifies you of the
violation by some reasonable means, this is the first time you have
received notice of violation of this License (for any work) from that
copyright holder, and you cure the violation prior to 30 days after
your receipt of the notice.

  Termination of your rights under this section does not terminate the
licenses of parties who have received copies or rights from you under
this License.  If your rights have been terminated and not permanently
reinstated, you do not qualify to receive new licenses for the same
material under section 10.

  9. Acceptance Not Required for Having Copies.

  You are not required to accept this License in order to receive or
run a copy of the Program.  Ancillary propagation of a covered work
occurring solely as a consequence of using peer-to-peer transmission
to receive a copy likewise does not require acceptance.  However,
nothing other than this License grants you permission to propagate or
modify any covered work.  These actions infringe copyright if you do
not accept this License.  Therefore, by modifying or propagating a
covered work, you indicate your acceptance of this License to do so.

  10. Automatic Licensing of Downstream Recipients.

  Each time you convey a covered work, the recipient automatically
receives a license from the original licensors, to run, modify and
propagate that work, subject to this License.  You are not responsible
for enforcing compliance by third parties with this License.

  An "entity transaction" is a transaction transferring control of an
organization, or substantially all assets of one, or subdividing an
organization, or merging organizations.  If propagation of a covered
work results from an entity transaction, each party to that
transaction who receives a copy of the work also receives whatever
licenses to the work the party's predecessor in interest had or could
give under the previous paragraph, plus a right to possession of the
Corresponding Source of the work from the predecessor in interest, if
the predecessor has it or can get it with reasonable efforts.

  You may not impose any further restrictions on the exercise of the
rights granted or affirmed under this License.  For example, you may
not impose a license fee, royalty, or other charge for exercise of
rights granted under this License, and you may not initiate litigation
(including a cross-claim or counterclaim in a lawsuit) alleging that
any patent claim is infringed by making, using, selling, offering for
sale, or importing the Program or any portion of it.

  11. Patents.

  A "contributor" is a copyright holder who authorizes use under this
License of the Program or a work on which the Program is based.  The
work thus licensed is called the contributor's "contributor version".

  A contributor's "essential patent claims" are all patent claims
owned or controlled by the contributor, whether already acquired or
hereafter acquired, that would be infringed by some manner, permitted
by this License, of making, using, or selling its contributor version,
but do not include claims that would be infringed only as a
consequence of further modification of the contributor version.  For
purposes of this definition, "control" includes the right to grant
patent sublicenses in a manner consistent with the requirements of
this License.

  Each contributor grants you a non-exclusive, worldwide, royalty-free
patent license under the contributor's essential patent claims, to
make, use, sell, offer for sale, import and otherwise run, modify and
propagate the contents of its contributor version.

  In the following three paragraphs, a "patent license" is any express
agreement or commitment, however denominated, not to enforce a patent
(such as an express permission to practice a patent or covenant not to
sue for patent infringement).  To "grant" such a patent license to a
party means to make such an agreement or commitment not to enforce a
patent against the party.

  If you convey a covered work, knowingly relying on a patent license,
and the Corresponding Source of the work is not available for anyone
to copy, free of charge and under the terms of this License, through a
publicly available network server or other readily accessible means,
then you must either (1) cause the Corresponding Source to be so
available, or (2) arrange to deprive yourself of the benefit of the
patent license for this particular work, or (3) arrange, in a manner
consistent with the requirements of this License, to extend the patent
license to downstream recipients.  "Knowingly relying" means you have
actual knowledge that, but for the patent license, your conveying the
covered work in a country, or your recipient's use of the covered work
in a country, would infringe one or more identifiable patents in that
country that you have reason to believe are valid.

  If, pursuant to or in connection with a single transaction or
arrangement, you convey, or propagate by procuring conveyance of, a
covered work, and grant a patent license to some of the parties
receiving the covered work authorizing them to use, propagate, modify
or convey a specific copy of the covered work, then the patent license
you grant is automatically extended to all recipients of the covered
work and works based on it.

  A patent license is "discriminatory" if it does not include within
the scope of its coverage, prohibits the exercise of, or is
conditioned on the non-exercise of one or more of the rights that are
specifically granted under this License.  You may not convey a covered
work if you are a party to an arrangement with a third party that is
in the business of distributing software, under which you make payment
to the third party based on the extent of your activity of conveying
the work, and under which the third party grants, to any of the
parties who would receive the covered work from you, a discriminatory
patent license (a) in connection with copies of the covered work
conveyed by you (or copies made from those copies), or (b) primarily
for and in connection with specific products or compilations that
contain the covered work, unless you entered into that arrangement,
or that patent license was granted, prior to 28 March 2007.

  Nothing in this License shall be construed as excluding or limiting
any implied license or other defenses to infringement that may
otherwise be available to you under applicable patent law.

  12. No Surrender of Others' Freedom.

  If conditions are imposed on you (whether by court order, agreement or
otherwise) that contradict the conditions of this License, they do not
excuse you from the conditions of this License.  If you cannot convey a
covered work so as to satisfy simultaneously your obligations under this
License and any other pertinent obligations, then as a consequence you may
not convey it at all.  For example, if you agree to terms that obligate you
to collect a royalty for further conveying from those to whom you convey
the Program, the only way you could satisfy both those terms and this
License would be to refrain entirely from conveying the Program.

  13. Use with the GNU Affero General Public License.

  Notwithstanding any other provision of this License, you have
permission to link or combine any covered work with a work licensed
under version 3 of the GNU Affero General Public License into a single
combined work, and to convey the resulting work.  The terms of this
License will continue to apply to the part which is the covered work,
but the special requirements of the GNU Affero General Public License,
section 13, concerning interaction through a network will apply to the
combination as such.

  14. Revised Versions of this License.

  The Free Software Foundation may publish revised and/or new versions of
the GNU General Public License from time to time.  Such new versions will
be similar in spirit to the present version, but may differ in detail to
address new problems or concerns.

  Each version is given a distinguishing version number.  If the
Program specifies that a certain numbered version of the GNU General
Public License "or any later version" applies to it, you have the
option of following the terms and conditions either of that numbered
version or of any later version published by the Free Software
Foundation.  If the Program does not specify a version number of the
GNU General Public License, you may choose any version ever published
by the Free Software Foundation.

  If the Program specifies that a proxy can decide which future
versions of the GNU General Public License can be used, that proxy's
public statement of acceptance of a version permanently authorizes you
to choose that version for the Program.

  Later license versions may give you additional or different
permissions.  However, no additional obligations are imposed on any
author or copyright holder as a result of your choosing to follow a
later version.

  15. Disclaimer of Warranty.

  THERE IS NO WARRANTY FOR THE PROGRAM, TO THE EXTENT PERMITTED BY
APPLICABLE LAW.  EXCEPT WHEN OTHERWISE STATED IN WRITING THE COPYRIGHT
HOLDERS AND/OR OTHER PARTIES PROVIDE THE PROGRAM "AS IS" WITHOUT WARRANTY
OF ANY KIND, EITHER EXPRESSED OR IMPLIED, INCLUDING, BUT NOT LIMITED TO,
THE IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS FOR A PARTICULAR
PURPOSE.  THE ENTIRE RISK AS TO THE QUALITY AND PERFORMANCE OF THE PROGRAM
IS WITH YOU.  SHOULD THE PROGRAM PROVE DEFECTIVE, YOU ASSUME THE COST OF
ALL NECESSARY SERVICING, REPAIR OR CORRECTION.

  16. Limitation of Liability.

  IN NO EVENT UNLESS REQUIRED BY APPLICABLE LAW OR AGREED TO IN WRITING
WILL ANY COPYRIGHT HOLDER, OR ANY OTHER PARTY WHO MODIFIES AND/OR CONVEYS
THE PROGRAM AS PERMITTED ABOVE, BE LIABLE TO YOU FOR DAMAGES, INCLUDING ANY
GENERAL, SPECIAL, INCIDENTAL OR CONSEQUENTIAL DAMAGES ARISING OUT OF THE
USE OR INABILITY TO USE THE PROGRAM (INCLUDING BUT NOT LIMITED TO LOSS OF
DATA OR DATA BEING RENDERED INACCURATE OR LOSSES SUSTAINED BY YOU OR THIRD
PARTIES OR A FAILURE OF THE PROGRAM TO OPERATE WITH ANY OTHER PROGRAMS),
EVEN IF SUCH HOLDER OR OTHER PARTY HAS BEEN ADVISED OF THE POSSIBILITY OF
SUCH DAMAGES.

  17. Interpretation of Sections 15 and 16.

  If the disclaimer of warranty and limitation of liability provided
above cannot be given local legal effect according to their terms,
reviewing courts shall apply local law that most closely approximates
an absolute waiver of all civil liability in connection with the
Program, unless a warranty or assumption of liability accompanies a
copy of the Program in return for a fee.

                     END OF TERMS AND CONDITIONS









          

      

      

    

  

    
      
          
            
  


Testing



In [1]:






# Imports related to plotting and LaTeX
import matplotlib.pyplot as plt
from IPython.display import display, Math
def show(arg):
    return display(Math(arg.to_latex()))









In [2]:






# Imports related to mathematics
import numpy as np
from abelian import LCA, Homomorphism, Function
from sympy import Rational, pi








Fourier series for \(f(x) = x\) defined on \(T\)

In this example we compute the Fourier series coefficients for
\(f(x) = x\) with domain \(T = \mathbb{R}/\mathbb{Z}\) using
abelian.

We start by defining the function on the domain.



In [3]:






def identity(arg_list):
    x = arg_list[0] # First element of vector/list
    return x

# Create the domain T and a function on it
T = LCA(periods = [1], discrete = [False])
function = Function(identity, T)
show(function)













$$\operatorname{identity} \in \mathbb{C}^G, \ G = T_{1}$$




Then we create a monomorphism \(\phi_\text{sample}\) to sample the
function.

We make use for the Rational class to avoid numerical errors.



In [4]:






# Set up the number of sample points
n = 32

# Create the source of the monomorphism
Z_n = LCA([n])
phi_sample = Homomorphism([Rational(1, n)], source = Z_n, target = T)
show(phi_sample)













$$\begin{pmatrix}\frac{1}{32}\end{pmatrix}:\mathbb{Z}_{32} \to T_{1}$$




Sample the function, take DFT, and use a transversal rule and along with
\(\widehat{\phi}_\text{sample}\) to push the function to
\(\widehat{T} = \mathbb{Z}\).



In [5]:






# Pullback along phi_sample
function_sampled = function.pullback(phi_sample)

# Take the DFT
function_sampled_dual = function_sampled.dft()

# Set up a transversal rule
def transversal_rule(arg_list):
    x = arg_list[0] # First element of vector/list
    if x < n/2:
        return [x]
    else:
        return [x - n]

# Calculate the Fourier series coefficients - the function on Z
coeffs = function_sampled_dual.transversal(phi_sample.dual(), transversal_rule)
show(coeffs)













$$\operatorname{new_representation} \in \mathbb{C}^G, \ G = \mathbb{Z}$$




Let us compare with the analytical solution, which is


\[\begin{split}c_k =
  \begin{cases}
   1/2 & \text{if } x = 0 \\
   i / 2 \pi k   & \text{else}.
  \end{cases}\end{split}\]



In [6]:






# Set up a function for the analytical solution
def analytical(k):
    if k == 0:
        return 1/2
    else:
        return complex(0, 1)/(2*pi*k)

# Sample the analytical and computed functions
sample_values = list(range(-n, n+1))
analytical_sampled = list(map(analytical, sample_values))
computed_samled = coeffs.sample(sample_values)







And create a plot. Notice how the computed values drop to zero outside
of the transversal region.



In [7]:






# Convert to absolute values
length = lambda x: float(abs(x))
analytical_sampled_length = list(map(length, analytical_sampled))
computed_samled_length = list(map(length, computed_samled))

# Plot it
plt.figure(figsize = (8,4))
plt.plot(sample_values, analytical_sampled_length, label = 'Analytical')
plt.plot(sample_values, computed_samled_length, label = 'Computed')
plt.grid(True)
plt.legend(loc = 'best')
plt.show()
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Image subsampling



In [8]:






from skimage import data, img_as_float

# Import an image
image = img_as_float(data.coins())
plt.imshow(image)
plt.show()












[image: ../_images/notebooks_testing_15_0.png]






In [9]:






image.shape









Out[9]:






(303, 384)









In [10]:






domain = LCA(list(image.shape))
function = Function(image.tolist(), domain)









In [11]:






phi_sample = Homomorphism([[3, 0], [0, 3]], target = domain)
phi_sample = phi_sample.project_to_source()
show(phi_sample)













$$\begin{pmatrix}3 & 0\\0 & 3\end{pmatrix}:\mathbb{Z}_{101} \oplus \mathbb{Z}_{128} \to \mathbb{Z}_{303} \oplus \mathbb{Z}_{384}$$






In [12]:






sampled = function.pullback(phi_sample)
show(sampled)
table = sampled.to_table()
plt.imshow(np.abs(table))
plt.show()













$$\operatorname{table * pullback} \in \mathbb{C}^G, \ G = \mathbb{Z}_{101} \oplus \mathbb{Z}_{128}$$
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In [13]:






phi_sample = Homomorphism([1, 128], target = domain)
phi_sample = phi_sample.image().project_to_source().project_to_target()
show(phi_sample)

print('Sampled density:', (phi_sample.source.periods[0])/ (303*384))













$$\begin{pmatrix}1\\128\end{pmatrix}:\mathbb{Z}_{303} \to \mathbb{Z}_{303} \oplus \mathbb{Z}_{384}$$










Sampled density: 1/384








In [14]:






sampled_function = function.pullback(phi_sample)
sampled_data = sampled_function.to_table()
plt.figure(figsize = (12, 4))
plt.plot(np.abs(sampled_data))
plt.grid(True)
plt.show()
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Generator subsampling



In [49]:






domain = LCA([2, 3])
func_Z2_Z3 = Function([[1, 0, 1],
                      [0, 1, 0]], domain)









In [50]:






plt.subplot(1, 2, 1)
plt.title('Function')
plt.imshow(func_Z2_Z3.to_table())


func_Z2_Z3_dft = func_Z2_Z3.dft()
plt.subplot(1, 2, 2)
plt.title('DFT of Function')
plt.imshow(np.abs(func_Z2_Z3_dft.to_table()))
plt.show()

phi = Homomorphism([1, 1], target = domain)
phi = phi.project_to_source()
show(phi)
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$$\begin{pmatrix}1\\1\end{pmatrix}:\mathbb{Z}_{6} \to \mathbb{Z}_{2} \oplus \mathbb{Z}_{3}$$






In [48]:






plt.subplot(2, 1, 1)
plt.title('Sampled function')
func_Z6 = func_Z2_Z3.pullback(phi)
print('Function on Z_6', func_Z6.to_table())
plt.imshow(np.abs(func_Z6.to_table()).reshape(1, -1))

func_Z6_dft = func_Z6.dft()

plt.subplot(2, 1, 2)
plt.title('DFT of Sampled function')
dft_table = np.array(np.abs(func_Z6_dft.to_table()), dtype=float)
print('DFT of Function on Z_6', np.round(np.array(func_Z6_dft.to_table(), dtype = complex), 1))
plt.imshow(dft_table.reshape(1, -1))
plt.show()













Function on Z_6 [ 1.+0.j  1.+0.j  1.+0.j  0.+0.j  0.+0.j  0.+0.j]
DFT of Function on Z_6 [ 0.5+0.j   0.2-0.3j  0.0+0.j   0.2-0.j   0.0+0.j   0.2+0.3j]
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In [72]:






show((phi * phi.dual()).project_to_target())













$$\begin{pmatrix}1 & 0\\0 & 2\end{pmatrix}:\mathbb{Z}_{2} \oplus \mathbb{Z}_{3} \to \mathbb{Z}_{2} \oplus \mathbb{Z}_{3}$$






In [63]:






show(phi.dual() * phi)
for i in range(1, 7):
    y = phi([i])
    print(i, y, phi.dual()(y))













$$\begin{pmatrix}5\end{pmatrix}:\mathbb{Z}_{6} \to \mathbb{Z}_{6}$$










1 [1, 1] [5]
2 [0, 2] [4]
3 [1, 0] [3]
4 [0, 1] [2]
5 [1, 2] [1]
6 [0, 0] [0]








In [80]:






epimorphism = Homomorphism([[3,4]], source = [2, 3], target = [6])
show(epimorphism)
func_dft = func_Z6_dft.transversal(epimorphism = epimorphism, transversal_rule = phi)













$$\begin{pmatrix}3 & 4\end{pmatrix}:\mathbb{Z}_{2} \oplus \mathbb{Z}_{3} \to \mathbb{Z}_{6}$$






In [81]:






print(np.round(np.array(func_Z2_Z3_dft.to_table(), dtype = complex), 1))
plt.title('DFT of Function')
print(np.round(func_dft.to_table(), 1))
dft_table = np.abs(func_dft.to_table())
dft_table = np.array(dft_table, dtype=float)
plt.imshow(dft_table)
plt.show()


dft_table = np.abs(func_dft.dft().to_table())
dft_table = np.array(dft_table, dtype=float)
plt.imshow(dft_table)
plt.show()













[[ 0.5+0.j   0.0+0.j   0.0+0.j ]
 [ 0.2+0.j   0.2+0.3j  0.2-0.3j]]
[[ 0.5+0.j   0.0+0.j   0.0+0.j ]
 [ 0.2-0.j   0.2-0.3j  0.2+0.3j]]
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In [61]:






test = Function([1,2,3,4,5,6], LCA([6]))
show(phi)
show(phi.dual())
for i in range(1, 7):
    print(i, (phi * phi.dual())(phi([i])))
func_dft = test.transversal(epimorphism = phi.dual(), transversal_rule = phi)
print(func_dft.to_table())













$$\begin{pmatrix}1\\1\end{pmatrix}:\mathbb{Z}_{6} \to \mathbb{Z}_{2} \oplus \mathbb{Z}_{3}$$










$$\begin{pmatrix}3 & 2\end{pmatrix}:\mathbb{Z}_{2} \oplus \mathbb{Z}_{3} \to \mathbb{Z}_{6}$$










1 [1, 2]
2 [0, 1]
3 [1, 0]
4 [0, 2]
5 [1, 1]
6 [0, 0]
[[ 1.+0.j  0.+0.j  0.+0.j]
 [ 4.+0.j  0.+0.j  0.+0.j]]









Test 2



In [131]:






def showfunc(function):
    data = np.abs(function.to_table())
    data = np.array(data, dtype = float)
    try:
        plt.imshow(data, vmin=0, vmax=4)
    except TypeError:
        data = data.reshape(1, -1)
        plt.imshow(data, vmin=0, vmax=4)
    finally:
        plt.show()









In [132]:






from sympy import Matrix

domain = LCA([4, 4])
function = Function([[2,0,3,0], [0,2,0,1], [1,0,3.5,0], [0,2,0,1]], domain = domain)
showfunc(function)

phi = Homomorphism([[2, 0], [0, 2]], target = [4,4])
phi = phi.project_to_source()
show(phi)
show(phi.dual())
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$$\begin{pmatrix}2 & 0\\0 & 2\end{pmatrix}:\mathbb{Z}_{2} \oplus \mathbb{Z}_{2} \to \mathbb{Z}_{4} \oplus \mathbb{Z}_{4}$$










$$\begin{pmatrix}1 & 0\\0 & 1\end{pmatrix}:\mathbb{Z}_{4} \oplus \mathbb{Z}_{4} \to \mathbb{Z}_{2} \oplus \mathbb{Z}_{2}$$






In [133]:






showfunc(function.pullback(phi))
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In [134]:






showfunc(function.pullback(phi).dft())
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In [135]:






showfunc(function.dft().idft())
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In [136]:






def transversal_rule(x):
    return x


showfunc(function.pullback(phi).dft().transversal(phi.dual(), transversal_rule).idft())
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Test 3



In [186]:






domain = LCA([2, 3])
function = Function([[4, 3, 2],
                      [0, 4, 2.5]], domain)

phi = Homomorphism([1, 1], target = domain)
phi = phi.project_to_source()
show(phi)
show(phi.dual().kernel())
showfunc(function)
showfunc(function.dft())













$$\begin{pmatrix}1\\1\end{pmatrix}:\mathbb{Z}_{6} \to \mathbb{Z}_{2} \oplus \mathbb{Z}_{3}$$










$$\begin{pmatrix}0 & 0\\0 & 0\end{pmatrix}:\mathbb{Z} \oplus \mathbb{Z} \to \mathbb{Z}_{2} \oplus \mathbb{Z}_{3}$$
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In [187]:






showfunc(function.pullback(phi))
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In [188]:






showfunc(function.pullback(phi).dft())
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In [169]:






showfunc(function.dft().idft())
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In [190]:






import itertools
def transversal_rule(x):
    for p in itertools.product(range(2), range(3)):
        p = list(p)
        if phi.dual()(p) == x:
            return p

showfunc(function.pullback(phi).dft().transversal(phi.dual(), transversal_rule))
showfunc(function.pullback(phi).dft().transversal(phi.dual(), transversal_rule).idft())
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In [171]:






x = np.arange(50)
plt.plot(x)
plt.plot(np.abs(np.fft.fft(x)))
plt.show()
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In [160]:






phi = Homomorphism([10], [100])
phi = phi.project_to_source()
show(phi.cokernel())













$$\begin{pmatrix}1\end{pmatrix}:\mathbb{Z}_{100} \to \mathbb{Z}_{10}$$






In [153]:






phi = Homomorphism([1], source = [6], target = [3])
show(phi)
show(phi.kernel().project_to_source())













$$\begin{pmatrix}1\end{pmatrix}:\mathbb{Z}_{6} \to \mathbb{Z}_{3}$$










$$\begin{pmatrix}3\end{pmatrix}:\mathbb{Z}_{2} \to \mathbb{Z}_{6}$$





Test 3



In [219]:






x, y = np.ogrid[0:5, 0:5]
data = 4*np.exp(-x*y/12)
print(data.tolist())
domain = LCA([5, 5])
function = Function(data, domain)

showfunc(function)
showfunc(function.dft())













[[4.0, 4.0, 4.0, 4.0, 4.0], [4.0, 3.680177658517293, 3.3859268995624565, 3.1152031322856195, 2.866125242295157], [4.0, 3.3859268995624565, 2.866125242295157, 2.4261226388505337, 2.053668476130368], [4.0, 3.1152031322856195, 2.4261226388505337, 1.8894662109640588, 1.4715177646857693], [4.0, 2.866125242295157, 2.053668476130368, 1.4715177646857693, 1.054388552462907]]
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In [229]:






phi = Homomorphism([1, 3], target = domain)
phi = phi.project_to_source()
show(phi)
show(phi.dual().kernel().project_to_source())

showfunc(function.pullback(phi))
showfunc(function.pullback(phi).dft())













$$\begin{pmatrix}1\\3\end{pmatrix}:\mathbb{Z}_{5} \to \mathbb{Z}_{5} \oplus \mathbb{Z}_{5}$$










$$\begin{pmatrix}2 & 0\\1 & 0\end{pmatrix}:\mathbb{Z}_{5} \oplus \mathbb{Z}_{1} \to \mathbb{Z}_{5} \oplus \mathbb{Z}_{5}$$
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In [266]:






phi_dual = phi.dual()
phi_dual_kernel = phi_dual.kernel()
dual_mapping_dict = {x:phi_dual(list(x)) for x in itertools.product(range(5), range(5))}
print(dual_mapping_dict)


def distance(space, arg):
    return [min(abs(a), abs(a-s)) for (s, a) in zip(space, arg)]

def minimal_distance(space, args):
    return min((arg for arg in args), key = lambda arg: sum(distance(space, arg)))

def transversal_rule(x):
    candidates = []
    for i,j in dual_mapping_dict.items():
        i, j = list(i), list(j)
        if not j == x:
            continue
        candidates.append(i)

    answer = (minimal_distance([5,5], candidates))
    return answer


showfunc(function.pullback(phi).dft().transversal(phi.dual(), transversal_rule))
around = function.pullback(phi).dft().transversal(phi.dual(), transversal_rule).idft()
showfunc(function)

data1 = np.abs(around.to_table())
data1 = np.array(data1, dtype = float)
data2 = np.abs(function.to_table())
data2 = np.array(data2, dtype = float)
plt.imshow(data1 - data2)
plt.show()
data1 - data2













{(0, 0): [0], (0, 1): [3], (0, 2): [1], (0, 3): [4], (0, 4): [2], (1, 0): [1], (1, 1): [4], (1, 2): [2], (1, 3): [0], (1, 4): [3], (2, 0): [2], (2, 1): [0], (2, 2): [3], (2, 3): [1], (2, 4): [4], (3, 0): [3], (3, 1): [1], (3, 2): [4], (3, 3): [2], (3, 4): [0], (4, 0): [4], (4, 1): [2], (4, 2): [0], (4, 3): [3], (4, 4): [1]}
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Out[266]:






array([[  8.88178420e-16,   9.06200821e-02,  -6.73300278e-01,
         -1.23604911e+00,  -8.19926651e-01],
       [  3.51252240e-01,   7.61694664e-01,   2.92025062e-01,
          1.33226763e-15,   6.65200347e-01],
       [ -7.04693183e-01,   8.88178420e-16,  -2.44118703e-01,
         -3.66864929e-01,   4.21711690e-01],
       [ -1.70855558e+00,  -7.33138634e-01,  -8.07978501e-01,
         -8.34070903e-01,  -6.66133815e-16],
       [ -1.27303125e+00,  -4.85364058e-02,  -4.44089210e-16,
          1.94018819e-02,   8.52653551e-01]])









In [279]:






data = np.array(function.pullback(phi).dft().to_table(), dtype = complex)
data2 = np.eye(5)
data2[:, 0] = data
data2 = np.fft.ifft(data2)

plt.imshow(np.abs(data2) - np.abs(function.to_table()))
plt.show()

np.abs(data2) - np.abs(function.to_table())













/home/tommy/anaconda3/envs/abelian/lib/python3.6/site-packages/ipykernel/__main__.py:3: ComplexWarning: Casting complex values to real discards the imaginary part
  app.launch_new_instance()
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Out[279]:






array([[-3.43894735, -3.43894735, -3.43894735, -3.43894735, -3.43894735],
       [-3.73329944, -3.45062678, -3.23471774, -2.96399397, -2.63657436],
       [-3.74722688, -3.22559206, -2.64407093, -2.20406832, -1.89333363],
       [-3.74722688, -2.95486829, -2.20406832, -1.6674119 , -1.31118292],
       [-3.73329944, -2.63657436, -1.90245931, -1.3203086 , -0.82483767]])









In [300]:






phi = Homomorphism([2, 1], target = [10, 10])
phi = phi.project_to_source()
show(phi)
show(phi.dual())
show(phi.annihilator())













$$\begin{pmatrix}2\\1\end{pmatrix}:\mathbb{Z}_{10} \to \mathbb{Z}_{10} \oplus \mathbb{Z}_{10}$$










$$\begin{pmatrix}2 & 1\end{pmatrix}:\mathbb{Z}_{10} \oplus \mathbb{Z}_{10} \to \mathbb{Z}_{10}$$










$$\begin{pmatrix}1\\8\end{pmatrix}:\mathbb{Z}_{10} \to \mathbb{Z}_{10} \oplus \mathbb{Z}_{10}$$






In [311]:






def max_norm(vector, weights):
    return max(v*w for (v, w) in zip(vector, weights))


weights = [1, 3]
m, n = 50, 50
data = np.zeros((m, n))
for m, n in itertools.product(*[range(m), range(n)]):
    vector = list((m, n))
    if max_norm(vector, weights) < 50:
        data[m, n] = 1




plt.imshow(data)
plt.show()
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